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Abstract 

We classify open maximal subalgebras of all infinite-dimensional lin- 
early compact simple Lie superalgebras. This is applied to the classi- 
fication of infinite-dimensional Lie superalgebras of vector fields, acting 
transitively and primitively in a formal neighborhood of a point of a finite- 
dimensional supermanifold. 



Introduction 

A well-known theorem of E. Cartan [3] states that an infinite-dimensional Lie 
algebra L of vector fields in a neighborhood of a point p of an m-dimensional 
manifold M acting transitively and primitively in this neighborhood, is formally 
isomorphic to a member of one of the six series of Lie algebras of formal vector 
fields: 

1. w m = {Y,Zi p i^ I Pi g c[[xi,...,x m }}}, 

2. S m = {X eW m I div(X) = 0}, 

2'. CSm = {X e W m \ div(X) = const}, 

3. H m = {X £ W m | Xu s = 0} (m = 2k), where ui s = Yli=i dxi A dxk+i is a 
symplectic form, 

3'. CH m = {X e W m | Xlo s = const u s } (m = 2k), 

4. K m = {X G W m | Xlo c = fu> c }(m = 2k + 1), where lo c = dx m + 

Xidxk+i is a contact form and / is a formal power series (depending 
on X). 
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Recall that the primitivity of an action means that there are no non-trivial L- 
invariant fibrations in M. The Lie algebra L has a canonical filtration L D Lq D 
Li D . . . , where Lj consists of vector fields vanishing up to order j at p, and 
the formal isomorphism means the isomorphism of the completed Lie algebras 
with respect to this filtration. The transitivity of the action implies that Lq 
contains no non-zero ideals of L, and primitivity implies that Lq is a maximal 
subalgebra. 

It is easy to see (cf. ^3]) that, in fact, Cartan's theorem gives a classification 
of infinite-dimensional linearly compact Lie algebras L, which admit a maximal 
open subalgebra Lq containing no non-zero ideals of L (recall that the linear 
compactness of L means that L is a topological Lie algebra whose underlying 
topological space is a topological product of finite-dimensional vector spaces 
with discrete topology) . Such a Lie algebra L is called primitive, the subalgebra 
Lq is called a fundamental maximal subalgebra, and the pair (L,Lq) is called a 
primitive pair. It is easy to see that all L from the six series contain a unique 
fundamental maximal subalgebra. Also, the Lie algebras W m , S m , H rn and K rn 
are simple, and the remaining two series CS m and CH m are the Lie algebras 
of derivations of S m and H m respectively, obtained by adding the Euler vector 
field E = '£ i x i £;. 

In the present paper we solve the problem of classification of primitive pairs 
in the Lie superalgebra case. This problem is much more difficult than in the 
Lie algebra case for several reasons. First, in the Lie algebra case, a primitive L 
is contained between S and DerS, where S is simple (cf. Theorem II .5|) . which 
instantly reduces the classification of primitive Lie algebras L to simple ones, 
but the situation is more complicated in the super case. Second, there are many 
more simple linearly compact Lie superalgebras than in the Lie algebra case 
(see H3). Third, in a sharp contrast to the Lie algebra case, almost all infinite- 
dimensional simple linearly compact Lie superalgebras contain more than one 
maximal open subalgebra. Most of the space of the present paper deals with 
the problem of their classification. 

The infinite-dimensional linearly compact simple Lie superalgebras have 
been classified in |17|. The list consists of ten series (m > 1): W(m, n), S(m, n) 
((to, n) 7^ (1,1)), H(m,n) (to even), K(m,n) (to odd), HO(m,m) (m > 2), 
SHO(m,m) (m > 3), KO(m,m+l), SKO(m,m+l; 0) (to > 2), SHO~(m,m) 
(to even), SKO~(m, m + 1) (to > 3, m odd), and five exceptional Lie superal- 
gebras: £(1,6), £(3,6), £(3,8), £(4,4), £(5,10). 

The main idea of |17j is to pick a maximal open subalgebra So of a simple 
linearly compact Lie superalgebra S, which is invariant with respect to all inner 
automorphisms of S. The existence of such an invariant subalgebra So is a 
non-trivial fact, the proof of which uses characteristic varieties (cf. |14|L Re- 
markably an invariant subalgebra is unique in most, though not all, of the cases. 
After that the classification procedure is more or less routine. One constructs 
an irreducible Weisfeiler filtration [23 associated to the pair (S, So) and shows, 
using ideas from ^3], that the associated graded Lie superalgebra GrS = (BjQj 
has the property that [qo,v] = g_i for any even element v G g-i (which does 
not hold for a random choice of a maximal open subalgebra So). After that 
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one is able to describe all possibilities for the go-module g_i and the subalgebra 
®j<o8j of GrS and, after some further work, all the possibilities for GrS 
[TU] . Finally, one finds all simple filtered deformations of all these GrS [§] . 
Recall that one has the following isomorphisms (cf. 17, Remark 6.6]): 

W(l,l) = K(l,2)^ KO(l,2), 5(2,1)^^0(2,2), SH0~(2, 2) £i H(2, 1). 

Besides, S(2, 1) = SKO(2, 3; 0). Hence, when discussing S(m,n), K(m,n), 
KO{m,m + 1), HO(m,m) and SHO~ (m,m), we shall assume that (m,n) ^ 
(2,1), (m,n) / (1,2), to > 2, m > 3 and m > 3, respectively. Also we shall 
assume that n > 1 since the Lie algebra case is trivial. 

In the first part of the present paper we give a description of semisimple 
artinian linearly compact Lie superalgebras in terms of simple ones (Theorem 
II. 411 . which is similar to that in the finite-dimensional case (HS|, |U). Next, 
we show that if an infinite-dimensional linearly compact Lie superalgebra L is 
primitive, then L is artinian semisimple and, moreover, contains an open ideal 
isomorphic to S (g> A(n), where S is a simple linearly compact Lie superalgebra 
and A(n) is the Grassmann algebra in n indeterminates, and is contained in 
(DerS)®A(n) + l®DerA(n), so that the projection of L on the second summand 
acts transitively on A(n) fTheorem ll.511 . 

Next, Theorem II .91 gives a description of fundamental maximal subalgebras 
in L in terms of those in 5*. In fact, the situation is slightly more complicated, 
namely in general DerS = S xi a, where either a = or dim a < 3, and we 
need to classify all maximal among open ao-invariant subalgebras of S, for each 
subalgebra do of a. We, thus, arrive at a problem of classification of maximal 
among ao-invariant open subalgebras of each infinite-dimensional simple linearly 
compact Lie superalgebra S. 

If 5* = ri^-dSj i s an irreducible grading of S 1 , i.e. the go-rnodule g_i is 
irreducible and = q j _ 1 for all j < —2, then So — Ylj >0 Qj is called a 
graded subalgebra of S. All irreducible gradings (apart for a few omissions) 
were described in |l(Jj and |21j . and in the present paper we give a detailed 
proof that these are all. It turns out by inspection (using Proposition 11.111 
(b)) that for every irreducible grading of a simple infinite-dimensional linearly 
compact Lie superalgebra S, the corresponding graded subalgebra 5o = Y[j>o Bi 
is maximal. 

A surprising discovery of the present paper is a large number of new open 
maximal subalgebras (which are not graded) . The main result of the present pa- 
per is a classification of all maximal open ao-invariant subalgebras of all infinite- 
dimensional linearly compact simple Lie superalgebras S, up to conjugation by 
the group G of inner automorphisms of DerS. (The group G can be thought 
of as the unity component of the group of all automorphisms of S.) Unless 
otherwise specified, by conjugation we always mean the conjugation by G. 

An important part of this classification is the classification of all regular 
maximal open ao-invariant subalgebras of S. A subalgebra of S is called regular 
if it is invariant with respect to a maximal torus of DerS. By Theorem 11.71 
all maximal tori in DerS are conjugate, hence fixing one "standard" torus T, 



3 



and classifying all T-invariant maximal open subalgebras we obtain all regular 
maximal open subalgebras of S, up to conjugation (by G). 

The numbers a of graded and b of non-graded regular maximal open sub- 
algebras of S, up to conjugation, are given in Table 1 (the case Oo=0). Thus 
we see that, with the exception of K(m, 1), any simple infinite-dimensional 
primitive Lie superalgebra which is not a Lie algebra contains more than one 
maximal open subalgebra. It turned out that in all cases except for H(m, n) 
with n positive even, all maximal open subalgebras are regular, but H(m, n) 
with n = 2h even, contains, up to conjugacy, h(h + l)/2 non-regular maximal 
open subalgebras. 
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W(l,l) 


2 
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W(m,n), (m,n) f (1,1) 


n + 1 
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SKO(2,3;0) 


2 





2 





SKO(2,3; 1) 
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3 





SKO{2,5;/3), (3^0,1 
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1 


SKO(3,4;(3) 


3 


3 


8 + 853^1 
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SKO(n,n + l;f3), n>3 
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2n + 2 
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SHO~(n,n), n>2 
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£(1,6) 


4 
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£(3,6) 
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5 
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£(5,10) 


4 
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£(4,4) 
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£(3,8) 


3 


6 


18 


9 



Table 1. 



The main tool in the classification of maximal open subalgebras in non- 
exceptional simple linearly compact Lie superalgebras is a formal analogue of 
the Frobenius theorem (Theorem ll.lf al'). which implies that a maximal open 
subalgebra of a transitive subalgebra of W(m, n) consists of vector fields, leaving 



4 



invariant a conjugate, by a change of variables, of a standard ideal of A(m,n), 
that is, an ideal generated by a subspace of the span of all odd indeterminates. 
This instantly solves the problem in question for W(m,n), but for other non- 
exceptional simple Lie superalgebras it requires more subtle arguments to show 
that a conjugate of a standard ideal of A(m, n) can be replaced by a standard 
ideal. 

In the case of exceptional simple linearly compact Lie superalgebras 5 we 
use the notions of growth and size of 5 (which remain unchanged when passing 
from 5 to GrS) in order to list possible GrS. This allows us to find all maximal 
open subalgebras of 5 by analyzing its deviation from a maximal open invariant 
subalgebra (which is unique in all exceptional superalgebras 5). 

A posteriori, it follows from the present paper that an open subalgebra 
of minimal codimension in a linearly compact infinite-dimensional simple Lie 
superalgebra L is always invariant under all inner automorphisms of L. More- 
over, in all cases, but 5 = W(l,l), 5(1,2), 5£TO(3,3), and SKO(3,4; 1/3), 
such a subalgebra is unique (hence invariant under all automorphisms), and in 
5 = W(l, 1), 5(1,2), and SHO(3,3) such subalgebras are conjugate by (outer) 
automorphisms of 5. We denote by So the intersection of all open subalgebras 
of minimal codimension in 5, and call it the canonical subalgebra of 5. The 
canonical subalgebra is, of course, invariant with respect to the group AutS 
of all continuous automorphisms of 5. Let 5_i be a minimal subspace of 5, 
properly containing So and invariant with respect to the group AutS, and let 
5 = S-d 2 S-d + i D ••• D 5_i D Sq D ■ " be the associated Weisfeiler filtra- 
tion of 5. All members of the Weisfeiler filtration associated to So are invariant 
with respect to the group AutS, hence we have the induced filtration on the 
superspace V := S/So = V-d D ■ ■ ■ D V-%, and the induced action of AutS on 
V preserving this filtration. Note that GrV carries a canonical Z-graded Lie 
superalgebra structure, isomorphic to ®J = _ d Qj- A subspace U of V is called 
abelian if GrU is an abelian subalgebra of GrV . 

Now, it is easy to see that if L is a (proper) open subalgebra of 5, its image 
under the canonical map 5 — > V is a purely odd abelian subspace of V, denoted 
by tt(Lo). Thus, we obtain an Aui5-cquivariant map tt from the set of all open 
subalgebras of 5 to the set of abelian subspaces of V\ (the odd part of V). 

The G-orbit of 7r(Lo) hi V% is called the canonical invariant of the open 
subalgebra Lo of 5. A posteriori, it turns out that the canonical invariant 
uniquely determines an open maximal subalgebra of 5, so we have an injective 
map II from the set of conjugacy classes (by G) of maximal open subalgebras of 
5 to the set of G-orbits of abelian subspaces of V\ . The number c of elements of 
the latter set along with the number e of those of them which are not canonical 
invariants of any open maximal subalgebra are given in Table 1. Looking at 
this table, we see that in many cases e = 0, i.e., the map II is bijective, and in 
the remaining cases it is very close to being bijective. 

The contents of the paper are as follows. In Section 1 we prove a for- 
mal analogue of the Frobenius theorem fTheorem ll.lfl . establish some general 
classificational results on artinian semisimple and primitive infinite-dimensional 
linearly compact Lie superalgebras (Theorems 1 1 . 41 and 1 1 . 5(1 . and reduce the clas- 
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sification of primitive pairs (L,Lg) to the case of simple L ( Theorem II .9|) . We 
also prove conjugacy of maximal tori in artinian semisimple linearly compact 
Lie superalgebras f Theorem II .7[) . and discuss the notions of growth and size. 

In Sections 2 through 10 we give a classification of all maximal open subal- 
gebras (and all ao-invariant maximal open subalgebras as well) of all infinite- 
dimensional simple linearly compact Lie superalgebras. As an immediate ap- 
plication of this long and tedious work, we obtain the list of all irreducible 
graded infinite-dimensional linearly compact Lie superalgebras which admit a 
non-trivial simple filtered deformation. 

In Section 11 we classify all maximal open subalgebras which are invariant 
with respect to all inner automorphisms and we discuss the canonical invariant. 
An a priori proof that the canonical invariant determines a maximal open sub- 
algebra uniquely would considerably shorten the paper, but we were unable to 
find such a proof. 

In a subsequent paper [Jj we use the canonical subalgebras to describe au- 
tomorphisms and real forms of all simple infinite-dimensional linearly compact 
Lie superalgebras. 

Throughout the paper all vector spaces and algebras, as well as tensor prod- 
ucts, are considered over the field of complex numbers C. 

1 General results on semisimple and primitive 
linearly compact Lie superalgebras 

Recall that a linearly compact space is a topological vector space which is iso- 
morphic to a topological product of finite-dimensional vector spaces endowed 
with discrete topology. The basic examples of linearly compact spaces are finite- 
dimensional vector spaces with the discrete topology, and the space of formal 
power series V[[t]] over a finite-dimensional vector space V, with the formal 
topology defined by taking as a fundamental system of neighborhoods of the 
set {t j V[[t]]} jeZ+ . We recall Chevalley's principle ([131): if Fx D F 2 D . . . is 
a sequence of closed subspaces of a linearly compact space such that fljFj = 
and U is an open subspace, then Fj C U for j » 0. 

A linearly compact superalgebra is a topological superalgebra whose under- 
lying topological space is linearly compact. The basic example of an associative 
linearly compact superalgebra is A(m, n) — A(n)[[xi, . . . , x m ]], where A(n) de- 
notes the Grassmann algebra on n anticommuting indeterminates £i,...,£„, 
and the superalgebra parity is defined by p(xi) = 0, p(£j) = 1, with the formal 
topology defined by the following fundamental system of neighborhoods of 0: 
{(x\, . . . ,x m ,£x, . . . , £ n ) J }jeZ+- The basic example of a linearly compact Lie 
superalgebra is W(m,n) — DerA(m,n), the Lie superalgebra of all continuous 
derivations of the superalgebra A(m, n). One has: 

W(m,n) := {X = Oo" + Y,QoM^r I p hQj e A(m,n)}. 

i=i ° Xl j=i °« 
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Letting degx^ = deg£j = 1, deg = deg = —1, we obtain the principal 
Z-grading W(m,n) — rij>-i W{m,n)j. A subalgebra L of W(m,n) is called 
transitive if the projection of L on W(m, n)_i is onto. 

Given a subspace U of the subspace Y^lLi ^ X i + Y^j=i 01 A(m, n), denote 
by I\j the ideal of A(m, n) generated by U. Let Wjj = {X G W(m, n) \ Xljj C 
Iu} be the corresponding subalgebra of W(m, n). More generally, for any sub- 
algebra L of W(m,n), let = {X G L | Ai^ C Ly}- We shall call Iu a 
standard ideal of A(m, n) and L[/ a standard subalgebra of L. 

Theorem 1.1 (a) Lef L be a closed subalgebra ofW(m,n), let V be the projec- 
tion of L on W(m, n)_i = C^f- + C^- 7 and let V* C Cx z + £\ 
6e t/ie rfwa? subspace of V . Then there exists a continuous automorphism of 
A(m, n) smc/i i/iai i/ie induced automorphism of W(m, n) maps L to the subal- 
gebra Wv* ofW(m,n). 

(b) The algebra A(m, n) has no non-trivial closed L-invariant ideals if and 
only if L is a transitive subalgebra. 

Proof. Making a linear change of variables, we may assume that V is the span 
°f d§7> ■ ■ • ' of - ' sfr> ' ' ' ' W~' Also, we may assume that L is invariant with 
respect to multiplication by elements of A(m, n). Indeed, A(m,n)Wu — Wjj, 
an ideal of A(m, n) is L-invariant if and only if it is A (m, n) L-invariant, and L 
is transitive if and only if A(m, n)L is transitive. 

We turn now to the proof of (a). lip> 1, then L contains a vector field X\ — 
tJ^- + D\, where D\ is an even operator such that -Di(O) = 0. Making change of 

variables (cf. ^| p. 12]), we may assume that X\ = Consider X 2 = + 
D 2 G L, D2(0) = 0. Subtracting /g§- from X 2 , we may assume that X%, hence 
D 2 , do not involve Next, we show that we may assume that all coefficients 
of D 2 do not involve X\. Here we use that L is a subalgebra. Let D 2 = 
J2 3 >o x i D r Since [Xi,X 2 ] = [X 1 ,D 2 ] G L, we see that J2j>o O 3 ^ D 3 e L > 
hence, x\ J2j>o J^i" 1 Dj G ^> then, L>2 — J2j>o3 x iDj G L, and we can assume 
that £>i = 0. Repeating this procedure, since L is closed, we get + Dq G L, 
where D o (0) = and D does not depend on x\. Making change of variables, we 
may assume that G L. Continuing one gets g~, . . . , g|- G L. Indeed, 

if g > 1, let Yi be an odd vector field in L whose projection on W{m,n)-\ is 
t^j-. Up to a change of variables we may assume that Y\ = + £i-D, where 
D is an even operator. Since [Fi,Yi] = 2D, D lies in L, hence £\D G L and 
t^j- G L. Then, arguing as above, we can assume that . . . , g|- lie in L. 

Hence L is generated, as a A(m, n)-module, by . . . , . . . , and 

by vector fields Xt which do not involve -J?- , . . . , -pr- , 7J- , . . . , ■£- and such 
that Xk(0) — 0. As above, we may assume that all coefficients of all X^ do 

not depend on x%, . . . ,x p , £1 , £g- Therefore the ideal of A(m, n) generated 

by Xp+i, . . . , a; m , ^ g +i, . . . ,£„ is L-invariant, which proves (a). 

Now we prove (b). The transitivity of L is equivalent to saying that L 
contains elements a; = g|- + X and &j = 4: + F for some vector fields A and 
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Y such that X(0) = and Y(0) = 0, for every i and j. Let / be an L-stable non- 
zero ideal of A(m, n). Then I contains a non-zero element P(x, £) £ A(m, n). 
Since / is stable under the action of the vector fields a* and 6j , we may assume 
that P(0,0) = 1 and, since I is an ideal, multiplying I by P^ 1 , we find that I 
contains 1, i.e., / = A(m, n). Conversely, if L is not transitive, then V* =/= 0, 
and we arrive at a contradiction with (a). □ 

Remark 1.2 Theorem II. If a) is an analogue of the Frobenius theorem for the 
superalgebra A(m, n). Namely, if the projection V of L on W(m,n)-i has 
dimension (p | q), then there exists a continuous automorphism ip of A(m, n) such 
that the ideal Jy = (ip(x p +\), . . . , ip(x m ), y>(£ g +i), . . . , ¥?(£n)) is L-invariant. In 
the purely odd case this was proved in |12j . 

Note that Jy is maximal among L-invariant ideals. Indeed, up to automor- 
phisms, this is equivalent to saying that, if V = ( . . . , g§-, . . . , ■&-) then 
Jy = {Xp+i, . . . , a; m ,^ 9 +i, . . . , £ n ) is maximal among L-invariant ideals. Indeed, 
if we add a polynomial P to the ideal Jy , we may assume that P depends only 
on the variables x±, . . . , x p , £i, . . . , £ q . Then, since and lie in L for every 
i = 1, . . . ,p and j = 1, . . . q, adding P to the ideal adds 1 to it. 

Remark 1.3 Let L be an infinite-dimensional linearly compact Lie superalge- 
bra embedded in W(m,n), and let Lq be a fundamental maximal subalgebra 
of L such that the projection of L to W(m, n)_i does not contain the even 
derivations -J^ for any i = 1, . . . ,m. Then, by Theorem 1.1(a), Lq stabilizes 
an ideal J of A(m, n) which is, up to changes of variables, a standard ideal 
containing all even indeterminates xi, ■ ■ ■ , x m . Besides, J is maximal among 
the A(ro, n)Lo-i nvar iant ideals of A(m, n) by R emark 1 1.21 Notice that an ideal 
/ of A(m,n) is Z-o-invariant if and only if it is A(m, n)I/o"i nvar ia' n L Therefore 
J is also maximal among the Lo-invariant ideals of A(m,n). It follows that 
Lq stabilizes an ideal J = [x\ + f\, . . . , x m + f m , r/i + gi, T] r + g r ) for some 
linear functions rjj in odd indeterminates and even functions fi and odd func- 
tions gj without constant and linear terms, and that J is maximal among the 
Lo-i n variant ideals of A(to,u). 

Recall that a linearly compact Lie superalgebra L is called simple if it is 
not abelian and contains no closed ideals different from and L; L is called 
semisimple if it contains no non-zero abelian ideals; L is called artinian if any 
descending sequence of closed ideals in L stabilizes. 

A subalgebra Lq of L is called fundamental if it is proper, open and contains 
no non-zero ideals of L. Due to Guillemin's theorem a linearly compact 
Lie superalgebra is artinian if and only if it contains a fundamental subalgebra 
(the proof in \Y6\ is given in the Lie algebra case, but it extends verbatim to the 
super case). 

Let Lq be a fundamental subalgebra of a Lie superalgebra L and let L_i 
be an adLo-stable subspace of L generating L as a Lie superalgebra. The 
Weisfeiler filtration (|22|) associated to the triple L D L_i D Lq is the filtration 
of L inductively defined as follows: for s > 1, 

L-( a +i) = [L-i,L_g] + L_ s , L s = {a e L s -i [a, L_i] C L s _i}. 



If L-i is a minimal ad Lo-stable subspace properly containing Lq, then the 
Weisfeiler filtration is called irreducible. If L_i = L, the Weisfeiler filtration is 
called the canonical filtration. 

A linearly compact Lie superalgebra L is called primitive if it contains a 
fundamental subalgebra Lq which is a maximal subalgebra. In this case, (L. Lq) 
is called a primitive pair. Note that for a primitive pair (L, Lq) there exists an 
irreducible Weisfeiler filtration whose th term is Lq. 

Given a filtered Lie superalgebra L = L-d D ••• D L-\ D Lq D Li D . . . , 
we shall denote by GrL the associated Z-graded Lie superalgebra: 

GrL = ®j>- d GrjL, Gr^L = Lj/Lj+i. 

If = ®j>-d8j is a graded Lie superalgebra, we denote by g = Ylj>-d 83 ^ s 
completion. Then g has a natural filtration given by the subspaces 

& = risi 

j>i 

for i > —d. We shall call such a filtration a graded filtration (or, equivalently, a 
trivial filtered deformation of g, cf . Section 01 • 

Let Lq be a fundamental subalgebra of L, let L = L_<j D ■ ■ ■ D L-\ D Lq D 
L\ D ■ ■ ■ be a Weisfeiler filtration, and let GrL — (Bj>-dQj, where 2j = GrjL, 
be the associated graded superalgebra. Then (|221) : 

(1.1) fl _ i = fl i 1 farj>l, 

(1.2) if x G Q.j , j > and [x, g_i] = , then x = . 
If, in addition, the Weisfeiler filtration is irreducible, then 

(1.3) g_i is an irreducible g - m odule. 

A Z-graded Lie superalgebra g = ®j>-d Q% is called transitive if properties (|l.l|l 
and (|1.2fl hold, and it is called irreducible if, in addition (|1.3|) holds. 

The following theorems describe the artinian semisimple and the infinite- 
dimensional primitive linearly compact Lie superalgebras. We denote by DerS 
(resp. InderS) the Lie superalgebra of all (resp. all inner) continuos derivations 
of a linearly compact Lie superalgebra S. 

Theorem 1.4 Let Si,...,S r (r S N) be simple linearly compact Lie super- 
algebras, let mi, . . . , m r ,nx, ...,n r be non-negative integers and let S = ©[ =1 
(Si<S>A(mi,ni)). Then 

(1.4) DerS = ®- =1 ((L>erS , i )®A(m i , m) + 1 ® W(mi,ni)) 

is a linearly compact Lie superalgebra and S — InderS canonically embeds in 
DerS. Let L be an open subalgebra of DerS containing S, and denote by F( the 
projection of L on 1® W(mi,rii). Then 
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(a) L is semisimple if and only if Fi is a transitive subalgebra of W(mi,rii) 
for all i = 1, . . . , r. 

(b) All artinian semisimple linearly compact Lie superalgebras can be obtained 
as in (a). 

(c) If L is semisimple, then DerL is the normalizer of L in DerS (and is 
semisimple). 

Proof. It follows traditional lines (cf. |3J, Let L be an artinian semisimple 
linearly compact Lie superalgebra, and let I denote the sum of all its minimal 
closed ideals. Since L is semisimple, for any (non-zero) minimal closed ideal J 
one has [J, J] = J. Using this, it is standard to show that 7 is a direct sum of 
all minimal closed ideals of L. Since L is artinian, it follows that it contains 
a finite number of (non-zero) minimal closed ideals; denote them by 7i, . . . ,I r . 
We have a homomorphism tp : L — > (BjDerlj defined by <p(a) = ^2j(ad a)|/ 3 -. 
The homomorphism (p is injective since (kertp) n I = 0, and therefore, by the 
artinian property, if ker ip is non-zero, it would contain a (non-zero) minimal 
closed ideal different from all Z/'s. Thus, we have the following inclusions: 

(1.5) ®j=ilj C L C ® r J=1 DerIj. 

Next we use the super analogue of the Cartan-Guillemin theorem (^3], 0]), 
established in JJ, according to which Ij = Sj®A(mj, rij), where Sj is a simple 
linearly compact Lie superalgebra and rrij , rij G Z + . 
Next, the same argument as in [3J or [5] shows that 

Deri = (DerSj)®h(mj,nj) + 1 ® W(rrij,nj), 

and that L in 11.5fl is semisimple if and only if A(rrij, rij) contains no non-trivial 
Fj -invariant ideals. Now (a) and (b) follow from Thcorcm ll.il The proof of (c) 
is the same as in PJ or □ 

Theorem 1.5 If L is an infinite-dimensional primitive Lie superalgebra, then 
L is artinian semisimple, and, moreover, 

S <g> A(n) ClC {DerS) ® A(n) + 1 ® W(0, n) 

for some infinite- dimensional simple linearly compact Lie superalgebra S and 
n G Z + . where the projection of L on W(0,n) is a transitive subalgebra. 

Proof. By the above mentioned Guillemin's theorem, L is artinian. By another 
result of Guillemin Proposition 4.1]), whose proof works verbatim in the 
super case, any non-zero closed ideal of L has finite codimcnsion. 

In order to show that L is semisimple, choose an irreducible Weisfeiler filtra- 
tion of L associated with the fundamental maximal subalgebra Lq of L, and let 
fl = ®j>-ddj be the associated graded Lie superalgebra. Suppose that L con- 
tains a non-zero closed abelian ideal. Then the corresponding ideal / = ®j>-dJj 
in q has finite codimension, and since dimg = oo, we conclude that Ij ^ for 
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some j > 0. By the transitivity of q, Jo^O and L_j ^ 0, and by the irreducibil- 
ity of the go-module 7_i = Hence [7 o ,0-i] = (since I is an abelian 
ideal), which contradicts the transitivity of g. 

Thus, by Theorem 11.41 L contains the ideals Si®A(m,i,ni), i = 1, ...,r. 
Since dimL = oo and all non-zero ideals of L have finite codimension, we 
conclude that r = 1 and 

S®A(m, n) C L C [DerS)®A(m, n) + 1 <g) W(m, n) , 

where S" is a simple linearly compact Lie superalgebra and the projection F of 
L on Vy(m,n) is a transitive subalgebra. It remains to show that m = 0. 

Since Lo is a maximal subalgebra of L, and S'(8'A(to, n) is an ideal, we 
conclude that 

(1.6) L = L + (S®A(m,n)). 

Suppose that m > 1. Since Lo is an open subalgebra, by Chevalley's principle, 

(1.7) S®(xi,...,x m yA(m,n) C L Q for j » 0. 

By transitivity of F and (|1.6fl . the projection of Lo on 1 ® ^(m, is sur- 
jective. Hence it follows from (|1.7|) that S®A(m,n) C Lo, a contradiction since 
Lo contains no non-zero ideals of L. □ 

An ad-diagonalizable subalgebra T of a linearly compact Lie superalgebra L 
is called a torus of L. The following proposition allows one to construct maximal 
tori. 

Proposition 1.6 Let L be a linearly compact Lie superalgebra with trivial cen- 
ter and let L = L-d D ■ ■ ■ D Lq D Li D • • • be a filtration of L such that Lq 
contains all ad-exponentiable elements of L. Then any torus T of L lies in Lq 
and T is a maximal torus in L if and only if its image in Lq/L\ is a maximal 
torus. Any maximal torus of Lq/Li can be lifted to that of L. 

Proof. Since all elements of T are exponentiable, T C Lo. Since, obviously, 
T n L\ = 0, T is a maximal torus of Lo (and hence of L) if and only if its image 
is a maximal torus of LojL\. □ 

We do not know examples for which the maximal tori are not conjugate, but 
we can prove their conjugacy only for the artinian semisimple L (which we shall 
apply to primitive L). 

Theorem 1.7 If L is an artinian semisimple linearly compact Lie superalgebra, 
then all maximal tori of L are conjugate by inner automorphisms of L. 

Proof. We may assume that dimL = oo. The socle ®l =1 Si Cg) A(ni) of L 
(see Theorem 1 1.4|l is invariant with respect to all automorphisms of L. But due 
to |17| . each DerSi contains a fundamental subalgebra Sf, which is proper if 
dim Si = oo, and which contains all exponentiable elements of DerSi. 
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Consider the Lie superalgebra 

L = ® r i=1 ((DerSi)®A(m h ni)) © (l®W(m,i,m)) 

containing L. Take the canonical filtration of DerSi defined by Sf and tensor it 
with the filtration of A(mj, rij) whose j-th member is (xi, . . . , x m , £1, . . . , 
this defines a filtration of (DerSi)®K(mi,ni) all of whose exponentiable ele- 
ments lie in the 0-th member of the filtration. These and the principal filtration 
of W(mi,rii) for each i add up to produce a filtration of L. Intersecting the 
members of this filtration with L, we get a filtration of L by open subspaces 
L D Lq D Li D . . . , such that Lq contains all exponentiable elements of L. In 
particular, L$ contains any two maximal tori T and T" of L. But T and T" are 
conjugate in Lq mod Ljy for each N > 1 by the conjugacy of maximal tori in 
any finite-dimensional Lie superalgebra. Taking the limit as N — > oo, we obtain 
that T and T' are conjugate in Lq. □ 

We shall use the following (corrected) explicit description of the Lie superal- 
gebras DerS for all simple linearly compact Lie superalgebras S, given in |17j . 

Proposition 1.8 \17\ Proposition 6.1] Let S be a simple infinite- dimensional 
linearly compact Lie superalgebra. Then DerS = S X) a, where a is a finite- 
dimensional subalgebra, described below: 

(a) If S is one of the Lie superalgebras W(m,ri), SHO^fa^m), K(m,n), 
KO(m, m + 1), SKO~(m, m + 1), E{A, 4), E(l, 6), E(3, 6), E(3, 8), then 
o = 0. 

(b) If S is one of the Lie superalgebras S(m,n) with m > 2, (m,n) ^ (2,1), 
H(m,n) 7 HO(m,m) with m > 3, SKO(m,m + l;/3) with m > 2 and 
P 1, (m — 2)/m, E(5, 10), then a is a one- dimensional torus of DerS. 

(c) If S is one of the Lie superalgebras S(l,n) with n > 3, SKO(m,m + 
1; (m — 2)/m) iwt/i m >2, SKO(m, m + 1; 1) wiit/i to > 2, </ien o = n XI tj., 
where ti is a one- dimensional torus of DerS and n is a one- dimensional 
subalgebra such that [ti,n] = n. 

(d) If S = SHO(m,m) with to > 4, then a = n x t 2 , w/iere t 2 is a £wo- 
dimensional torus of DerS and n is a one- dimensional subalgebra such 
that [t2, n] = n. 

(e) 7/5 = 5(1,2) or 5 = SKO(2,3;l), thena^sh- 
{f) If S = SHO{3,3), thena^gh- 

The subalgebra a of DerS is called the subalgebra of outer derivations of S. 
The following theorem describes all primitive pairs in terms of simple ones. 
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Theorem 1.9 (a) Let L = S (S> A(n) x F , where S is a linearly compact Lie 
superalgebra and F is a transitive subalgebra ofW(0,n). Then any fundamental 
maximal subalgebra Lq of L is of the form (Sq <8> A(n)) x F, where Sq is a 
fundamental maximal subalgebra of S. 

(b) Let S be a simple infinite- dimensional linearly compact Lie superalgebra. 
Let do be a subalgebra of the subalgebra a of outer derivations of S and let Lq 
be a fundamental maximal subalgebra o/Sxao. Then Lq — Sq xi do, where Sq 
is a maximal among open ao-invariant subalgebras of S . Thus, all fundamental 
maximal subalgebras of S xi do are Sq x Oo, where Sq is a maximal among open 
ao-invariant subalgebras of S. 

(c) Let S be a simple infinite- dimensional linearly compact Lie superalgebra. 
Let F be a subalgebra of (a <S> A(n)) x W(0, n) containing elements fi, for i — 
1,.. .,n, such that fi(0) — Let L — (S <g> A(n)) xi F. Then these L exhaust, 
up to automorphisms, all that occur in a primitive pair. All possible fundamental 
maximal subalgebras Lq in L can be obtained as follows. Let Oq = {a(0) | a(£) G 
projection of F on o® A(n)} C a. Let Sq be a maximal among ao-invariant 
subalgebras of S . Then Lq = (Sq ® A(n)) x F. 

Proof, (a) First, we show that F C Lq. In the contrary case, consider an 
irreducible Weisfeiler filtration of L associated to Lq. Then we have: GrL — 
Gr(S <g> A(n)) xi GrF. Since Gr_iL is irreducible with respect to Gr L and 
Gr_i(S'(8)A(n)) is a submodule of Gr_i_L, we conclude that Gr_i(S'<g>A(n)) = 0, 
i.e., Gr_ii = Gr_iF, hence Gr <0 L = Gr <a F. It follows that S <£> A(n) C Lq, 
which is impossible since S <g> A(n) is an ideal of L. 

We write elements of S ® A(n) in the form s(£) = ^i 3 !^ 1 ! where / = 
{h,...,i r } c {l,...,n}, si £ S, f 1 = Cii Let Si = {s/ | s(^) G L }; 

then 5*o := S*0 is a subalgebra of S. Due to the transitivity of F, we conclude 
that S7 C So for all /, hence S ® A(n) D L H (5 ® A(n)). Since F C L , we 
deduce that (So €5 A(n)) + F D Lq. Hence these two subalgebras coincide due 
to the maximality of Lq. Since Lq is a fundamental maximal subalgebra of L, 

50 is a fundamental maximal subalgebra of S. 

(b) The same argument as in (a) shows that do C Lq. Therefore Lq = 
(Lq nS) » a , and Lq n S is an a -invariant subalgebra of S. By the maximality 
of Lq it follows that Lq n 5* is maximal among the ao-invariant subalgebras of 
S. 

(c) Let (L, Lq) be a primitive pair. Then, by Theorem 1 1.51 L = (S®A(n)) x 
F, where S is a simple Lie superalgebra, a is the subalgebra of outer derivations 
of S, and F is a subalgebra of (o ® A(n)) xi 1^(0, n) with transitive projection 
on W(0, n). Since the projection of F on 1^(0, n) is transitive, we may assume, 
up to automorphisms, that F contains some elements fi, for every i — 1, . . . ,n, 
such that /i(0) = Indeed, if gi lies in F, such that gi(0) — + for 
some di £ a, the automorphism 1 + ad(a^i) brings gi to an element fi such that 

M°) = 4- 

The same argument as in (a) shows that F C Z<0) hence Lq — Lq fl (S 1 <g> 
A(n)) x F. Let us write the elements of S <g> A(n) in the form s(£) as in (o), let 

51 be defined as in (a), and let Sq = {s(0) | s(£) G Lq}. Then So is a subalgebra 
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of S and, since 6 L for every i = 1, . . . , n, Si C So for all I. It follows that 
L C (Sq (g> A(n)) xi F, hence, by the maximality of L , equality holds. 

Likewise, let us write the elements of a® A(n) in the form a(£) = a i^ 1 i ^ 
ao be as in the statement and let a/ = {a/ | a(£) G projection of F on a<8> A(n)}. 
Then ao is a subalgebra of a and, since L contains the elements fa, ai C ao for 
all I. It follows that Lo d So® A(n) + ao ® A(n) + F', where F' is the projection 
of F on W(0, n). Since So is ao-invariant, the maximality of So among the 
ao-invariant subalgebras of S follows from the maximality of Lq. □ 

Recall that the growth of an artinian linearly compact Lie superalgebra L is 
defined as follows. Choose a fundamental subalgebra Lo of L and construct a 
Weisfeiler filtration L = L-d D ■ ■ ■ D Lo D L\ D . . . , containing Lq as its 0-th 
member, for some choice of L_i containing Lo and generating L. Consider the 
function F(j) — dim L/Lj. It depends on the choice of Lo and on the Weisfeiler 
filtration, but it is easy to show (see 0, EU)> that the leading term of F(j) is 
independent of these choices. Namely, there exist unique positive real numbers 
a and g such that limj_ KX) ; ^^ = a. The number g is called the growth of L, 
and is denoted by g(L). 

It is easy to see from the classification, that, if L is simple, then g(L) is 
a positive integer and, moreover, s(L) :— ag(L)\ is a positive integer . The 
number s(L) is called the size of L. One can think of the growth (resp. size) of 
L as the minimal number of even variables (resp. minimal number of functions 
in these variables) involved in vector fields from L. It is also easy to see from 
the classification that if L is simple and is not a Lie algebra, then s(L) is an 
even integer, and, moreover, the sizes of the even and the odd parts of L are 
\s(L) (of course, their growths are both equal to g(L)). Due to Theorem 11.51 
any primitive L contains S ® A(n) as an open ideal, hence g(L) = g(S) and 
s(L) = 2 n s(S). 

If a simple L is of type X(m, n), then g(L) = m. The sizes are given in the 
following table: 



L 


s 


L 


s 


L 


s 


W(m, n) 


(m + n)2 n 


SHO(n,n) 


2 n-l 


E(l,6) 


32 


S(m, n) 


(m + n- 1)2" 


KO(n,n + l) 


2 n+l 


£(3,6) 


12 


H(m, n) 


2™ 


SKO(n,n + l;(3) 


2™ 


£(3,8) 


16 


K(m, n) 


2™ 


SHO~(n,n) 


on— 1 


F(4,4) 


8 


HO(n,n) 


2™ 


SKO~(n,n + l) 


2™ 


£7(5,10) 


8 



Table 2. 



Remark 1.10 If (L,Lq) is a primitive pair, and GrL is its associated graded 
superalgebra for a Weisfeiler filtration, then g(L) = g(GrL) and s(L) = s(GrL). 
This puts stringent restrictions on the possibilities for GrL for the given prim- 
itive pair (L, Lq). 

The following proposition allows one to construct graded maximal subalge- 
bras. 
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Proposition 1.11 Let g — (Bj>~d9j be a Z-graded Lie superalgebra and let 

fl>0 = ®j>O0j, 0± = %>0fl±i- 

(a) // g>o is a maximal subalgebra of Q, then: 
(i) g_i is an irreducible Qo-module; 

(ii) g_ is generated by 0_i; 

(iii) g_ contains no ideals of g different from g_ or zero. 

(b) If (i) and (ii) hold and, in addition, 

(iii)' [a,gi] ^ for any non-zero a G g 3 , j < — 1, 
then g>o is a maximal subalgebra of g. 

Proof, (a) (i) If V is a go-submodule of g_i and V- is the subalgebra of g 
generated by V then V- + g>o is a subalgebra of g. 

(ii) If g'_ is the subalgebra of g generated by g_i, then g'_ + g>o is a subalgebra 
of g. 

(iii) If / is such an ideal, then / + g>o is a subalgebra of g. 

(b) Suppose that g>o is properly contained in a subalgebra g' of g. It follows that 
there exists a non-zero element a 6 g_ n g'. Now (iii)' implies that [a,gi] / 0. 
It follows that g_i fig' ^ {0}, therefore, due to («), g_i c g' and, due to (ii), 

fl' = B- ' ' □ 

Corollary 1.12 7/L is a filtered Lie superalgebra such that GrL has properties 
(i), (ii), (iii)' of Provosition Yl.lR then L$ is a maximal subalgebra of L. 

Remark 1.13 If g = ®i>-dQi is simple then g_d is irreducible. Indeed if V is 
a go-stable subspace of g_d then V + (©»>- dfl») is an ideal of g. In particular 
any Z-grading of depth 1 of a simple Lie superalgebra is irreducible. 

Definition 1.14 LetT be a maximal torus in DerL. We call an open subalgebra 
of L regular if it is T -invariant. 

Remark 1.15 Let L be a subalgebra of W(m, n) and let Ijj be a standard ideal 
of A(m, n). If Ijj is stabilized by a maximal torus T of DerL then the standard 
subalgebra Ljj is regular. 

2 Maximal open subalgebras of W(m,n), 
S(m,n), K(m, n), HO(n, n) and SHO(n,n) 

The Lie superalgebras W(m 1 n) and S(m,n), m > 1. In Section^we 
introduced the Lie superalgebra W(m,n) of continuous derivations of the Lie 
superalgebra A(m, ri). We shall assume m > 1 (note that dimW / (0, n) < oo). 
For every vector field X in W(m, n), X — J2iLi ^af" + 2j=i Qj^^ we shall 
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set X(0) = Y^Li + Qj(ty"Bgr- Let us fix the standard maximal 

torus T = (xi-^-,£,j-^- \ i = l,.. .,m,j = l,...,n) of W(m,n). 

The simple Lie superalgebras L considered in this section and in the following 
three, are subalgebras of W(m, n) such that DerL C W(m, n) and TtlDerL is a 
maximal torus of DerL. Such a maximal torus of DerL will be called standard. 

Remark 2.1 By Theorem II . 71 each regular subalgebra of L is conjugate by G 
to a subalgebra which is invariant with respect to the standard torus of L. Thus, 
in order to classify regular subalgebras up to conjugation by G, it suffices to 
consider the ones that contain T. In what follows, conjugation will always mean 
conjugation by G, unless otherwise specified. We will often use automorphisms 
of L defined by changes of variables; each time it will not be difficult to check 
that they are inner, hence lie in G. Note that when the linear part of a change 
of variables is the identity then this is always an inner automorphism (cf. |20|L 

Remark 2.2 A Z-grading, called the grading of type (oi, . . . , a m \bi, . . . , b n ), 
can be defined on W(m,n) by setting <n = degx^ = — deg £ N and 
hi = deg& = -deg^- G Z (cf. [T71 Example 4.1]). The Z-grading of type 
(1, . . . , 1|1, . . . , 1) is the principal grading of W(m, n). In this grading W(m, n) 
has depth 1 with 0-th graded component isomorphic to the Lie superalgebra 
gl(m,n) and —1-st graded component isomorphic to the standard gl(m,n)- 
module C m '™. Since W(m,n) is simple for every (to, n) ^ (0,1), under our 
hypotheses the principal grading of W(m,n) is irreducible by Remark 11.131 
More generally, the gradings of type (1, . . . , 1|1, . . . , 1, 0, . . . , 0) with k zeros, 
are irreducible for every k = 0, . . . , n and satisfy the hypotheses of Proposition 
ll.llf b). It follows, by Proposition II . 1 if b) . that the corresponding subalgebras 
Yij>o W(m, n)j of W(m, n) are maximal. The Z-grading of W(m, n) of type 
(1, . . . , 1|0, . . . , 0) is called subprincipal. 

Theorem 2.3 Let W = W(m,n) with to > 1. Then all maximal open subalge- 
bras of W are, up to conjugation, the graded subalgebras of type (1, . . . , 1|1, . . . , 1, 
0, . . . , 0) with k zeros, for k = 0, . . . , n. 

Proof. Let Lq be a maximal open subalgebra of W. Since the vector fields 
gjjj7 are not exponentiable, Lq does not contain any vector field of the form 

S 011 JS - + + ^ f° r anv non-zero linear combination ^2 on , any X G W 
such that X(0) = and any Y G W(0, n). By Theorem II. If a). L is conjugate 
to the subalgebra Wu for some subspace U = (xi, . . . , x m , £i, • • • , £fc) of A(to, n), 
with < k < n. The subalgebra Wu is in fact the graded subalgebra of type 
(1, . . . , 1|1, . . . , 1, 0, . . . , 0) with n — k zeros. □ 

Definition 2.4 Let L be a subalgebra of W(m,n). A linear map Div : L — > 
A(m, n) is called a divergence if the action of L on the space A(to, n)v given by: 

(2.1) X(fv) = (Xf)v + (-l) p{XMf) fDtv(X)v 
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is a representation of L. The symbol v is called the volume form attached to 
the divergence Div. Then S'L := {X G L \ Div(X) = 0} is a subalgebra of L. 
Moreover, Div is a homomorphism of 5' ' L -modules. 

Definition 2.5 If we have a representation of L C W(m,n) on a vector space 
V, which is also a left module over A(m,n), compatible with the action of L, 
and v is a volume form for L, then, for any complex number X, L acts on the 
space V x := v x V , by the twisted action defined as follows: 

X(v x u) = Xv x Div(X)u + v x Xu. 

Remark 2.6 The subalgebra S'L consists of vector fields X in L such that 
Xv = 0. Likewise, CS'L := {X e L | Div(X) 6 C} is the subalgebra of L 
consisting of vector fields X in L such that Xv — cv with c € C. 

Remark 2.7 If Div is a divergence and F is an even invertible function in 
A(m, n), then the map Dwf '■ L — > A(m, n) defined by: 

Div F {X) = X(F)F- 1 + Div{X) 

is also a divergence. If v is the volume form attached to Div, then Fv is the 
volume form attached to Divf- 

Example 2.8 The function div : W(m,n) — > A(m,n) defined by 

i=i j=i ,J i=i j=i ,J 

is a divergence. We will refer to it as the usual divergence. It follows, according 
to Definitional that the set S'(m, n) := S'W(m, n) = {X e W(m, n) \ div(X) = 
0} is a subalgebra of W(m,n) (cf. |171 Example 4.2]). Moreover, CS'(m,n) = 
S'(m,n) + <CJ2T=i x i-£-- 

Remark 2.9 Let div be the usual divergence (see Example 12.8(1 . Then, for 
every X £ W(m,n) and any even invertible function F 6 A(m, n), div(FX) — 
X(F) + Fdiv(X). Therefore div F (X) = if and only if div(FX) = 0. 

Let S(m,n) = [S'(m,n),S'(m,n)]. We recall that if m > 1 then S(m,n) = 
S'(m,n) is simple. Besides, S'(l,n) = S(l,n) +C£i...£ n ^|- and 5(1,71) is 
simple if and only if n > 2 (cf. [T7| Example 4.2]). Since 5(2, 1) ^ SKO(2, 3; 0), 
when talking about S(m, n) we shall always assume (m, n) ^ (2, 1). 

Remark 2.10 Every Z-grading of W(m,n) induces a grading on S(m,n). In 
particular the Z-gradings of type (1, . . . , 1|1, . . . , 1, 0, . . . , 0), with k zeros, induce 
on S(m,n), by Remark 11.131 irreducible gradings for m > 1 or m — 1 and 
n > 2. As in Remark 12.21 the corresponding subalgebras Ilj>o S(m,n)j of 
5(771, n) are maximal. The Z-grading of 5(m, n) of type (1, . . . , 1|0, . . . , 0) is 
called subprincipal. 
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Theorem 2.11 Let 5 = 5(m, n) or S — S'(m, n) or S = CS'(m, n) with m > 1 
or m = 1 and n > 2. TTien every maximal open subalgebra of S is regular. 

Proof. Let Lq be a maximal open subalgebra of 5 = S'(m,n) and let U — 
{x%, . . . , x m , £i, . . . , with < k < n. Then, by Theorem ll.il there exists a 
continuous automorphism ip of A(m,n) such that Lq = 5 fl ipWutp^ 1 - 
Let w be the volume form attached to the divergence <iiu. Then: 

= {(p^Xtp \ Xu = 0} = {Y \ yYip- l (uS) = 0} = {Y | y(/a;) = 0, for 

some invertible / G A(m,n)} = {T | f~ l Yfu = 0} = 
It follows that: 

^r 1 ^ nffu = J5.T 1 n^ = {/X/- 1 | X g 5, fXf-\l v ) c = 
= {/x/- 1 | X g 5, *(/£/) c - /(5 n w^)/- 1 . 

Therefore L = 5 n ipWuip^ 1 = tpf(S D Wu)f~ 1 <p~ 1 - Since 5 n Wc; is a regular 
subalgebra of W(m, n), its image under an automorphism of W(m, n) is again 
a regular subalgebra of W(m, n). 

The same argument holds if we replace 5'(m, n) by 5(m, n) or by CS'(m, n). 

□ 

Remark 2.12 We recall that Der 5(1,2) = 5(1, 2) + o with o = s/ 2 (cf. Propo- 
sition ^3}. Let us denote by e, /, h the standard basis of a = SI2 defined in [111 
Lemma 5.9]. Let 5 = ITo-2 &j denote the Lie superalgebra 5(1,2) with re- 
spect to the grading of type (2|1, 1). Then Sq = gh and 5_i is isomorphic, as 
an 5o-module, to the direct sum of two copies of the standard g^-module. It 
follows that, for every irreducible f/Z 2 -submodule U of 5_i, Su := U + Y[j>a 
is a maximal open subalgebra of 5. In particular, if U = | i = 1,2) or 

U \ i = 1,2), then Su is the maximal graded subalgebra of type (1|1, 1) 

or ( 1 1 0, 0) , respectively. The subalgebras Su are not conjugate by inner auto- 
morphisms of 5, but they are conjugate by inner automorphisms of DerS, since 
the subalgebra of outer derivations of 5 permutes the subspaces U. In par- 
ticular the graded subalgebras of principal and subprincipal type are conjugate 
by the (outer) automorphism exp(e) exp(— /) exp(e) G G. 

Theorem 2.13 (a) Let S = S(m,n) with m > 1 or m = 1 and n > 3. Then 
all maximal open subalgebras of S are, up to conjugation, the graded subalgebras 
of type (1, . . . , 1|1, . . . , 1, 0, . . . , 0) with k zeros, for k — 0, . . . , n. 

(b) All maximal open subalgebras o/5(l, 2) are, up to conjugation, the graded 
subalgebras of type (1|1,1) and (1|1,0). 

Proof. Let Lq be a maximal open subalgebra of 5. Then, by Theorem 12.111 
Lq is regular and we can assume, by Remark 12. II that it is invariant with re- 
spect to the standard torus T of W(m,n). In particular Lq decomposes into 
the direct product of weight spaces with respect to T. Note that C^-, CtJ-, 
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C 0"i • • • Oh 5*7 > C 0"i ■ ■ ■ Oh af: witn k ji,---,jh, are one-dimensional weight 
spaces. Besides, the vector fields cannot lie in Lq since they are not expo- 
nentiable (cf. |171 Lemma 1.2]). We may thus assume that one of the following 
situations occurs: 

1) no element lies in Lq. It follows that the T-invariant complement of Lq 
contains the T-invariant complement of the subalgebra of type (1,...,1|1,...,1), 
thus Lq coincides with the subalgebra of type (1, . . . , 1|1, . . . , 1), since it is max- 
imal; 

2) the elements — , .... Wt- lie in Lq for some k = 0, .... n — 1, and 

' 3£ fe+ i ' ' 3£„ u 

. . . , do not. Then the elements and Cigf^ cannot lie in Lq for 



any j = 1, . . . , m, any i = k + 1, . . . , n and any h = 1, . . . , k, since 



a c _3_ 

94, ' 3x 3 



t^- and 



3^3 
3£* ' ?i 3«h 



Similarly, the elements F^- and P-gg^, with 



P G A(^fe_|_i , . . . , £„), cannot lie in Lq for any j = l,...,m and any h = 
1, . . . , k. It follows that Lq is contained in the graded subalgebra of 5 of type 
(1, . . . , 1|1, . . . , 1, 0, . . . , 0) with n — k zeros and thus coincides with it since Lq 
is maximal. 

By Remark 12.121 when m = 1 and n = 2, the subalgebras of principal and 
subprincipal type are conjugate by an element of G. □ 

Corollary 2.14 (a) All irreducible "L-gradings of W{m,n) with m>l, and of 
5(m, n) with m > 1 or m = 1 and n > 3, are, up to conjugation, the gradings 
of type (1, . . . , 1|1, . . . , 1, 0, . . . , 0) with k zeros, for k = 0, . . . , n. 

(b) All irreducible TL-gradings of 5(1,2) are, up to conjugation, the gradings 
of type (1 1 1, 1) and (1|1,0). 



Theorem 2.15 Let 5 = S(m,n) with m > 1, so that S(m,n) = S'(m,n) and 
DerS = CS'(m, n) = S(m, n) + C YliLi x i~5^T- Then all maximal among open 
Y^iLi x i 75§~ -invariant subalgebras of S are, up to conjugation, the subalgebras of 
S listed in Theorem \2.1t>\ (a). 



Proof. Let Lq be a maximal among open x i ^--invariant subalgebras of 

5. Then Lq + C X)"=i x i~5^~ 1S a maximal open subalgebra of C5'(m, n), hence 
it is regular by Theorem 12.111 Then one uses the same arguments as in the 
proof of Theorem 12. 131 □ 

We recall that if L = 5(1, rc), with n > 3, then DerL = C5'(l,n) = 
CE + S'(l,n) where E = x-§^+Y™ =1 & Jr is the Euler operator and S'(l,n) = 
5(1, n)+C£i . . . (cf. Proposition ! 1.8|) . We are now interested in the subalge- 
bras of 5(1, n) which are maximal among the ao-invariant subalgebras of 5(1, n), 
for every subalgebra do of the subalgebra a of outer derivations of 5(1, n) (cf. 
Theorem Orb)). 
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Remark 2.16 By Theorem 12.111 every maximal open subalgebra of S'(l,n) 
or CS'(l,n), for every n > 2, is regular. Therefore the same argument as in 
the proof of Theorem 12.131 shows that all fundamental maximal subalgebras 
of 5'(l,n) or CS'(l,n) (i.e., fundamental among maximal subalgebras) are, 
up to conjugation, the graded subalgebras of type (1|1, . . . , 1, 0, . . . , 0) with k 
zeros, for k = 0, . . . ,n — 1. Indeed, the graded subalgebra of S'(l,n) (resp. 
CS'(l,n)) of type (1|0, ... ,0) is not maximal, since it is contained in 5(1, n) 
(resp. 5(1, n) + CE). Notice that the graded subalgebras of principal and 
subprincipal type of 5'(1,2) (resp. C5'(l,2)) are not conjugate. By the same 
arguments, all maximal fundamental subalgebras of 5'(1, n) and C5'(l, n) (i.e., 
maximal among fundamental subalgebras) are, up to conjugation, the graded 
subalgebras of type (1|1, . . . , 1, 0, . . . , 0) with k zeros, for k = 0, . . . , n. 

In order to distinguish, when needed, a subalgebra of type (a\b\, . . . , b n ) 
of 5(1, n) from the graded subalgebra of 5'(l,n) or C5'(l,n) of the same 
type, we shall use subscripts. For example (1|1, l)s'(i, n ) will denote the 
graded subalgebra of 5'(l,n) of principal type, so that (1|1, . . . , l)s'(i,n) = 
(l|l,... J l)s ( i,„) + C&...£ n &. 

Theorem 2.17 Let L = 5(1, n) with n>3. 

(i) All maximal among open E -invariant subalgebras of L are, up to conjugation, 
the graded subalgebras of type (1|1, . . . , 1, 0, . . . , 0) with k zeros, for some k — 
0, ... ,71. 

(ii) If <Xo — C£i . . ■£,n'§^ or ao = a, then all maximal among open ao-invariant 
subalgebras of L are, up to conjugation, the graded subalgebras of type (1|1, . . . , 1, 
0, . . . , 0) with k zeros, for some k = 0, . . . , n — 1. 

Proof. Let Lq be a maximal among open E-invariant subalgebras of 5(1, n). 
Then Lq + CE is a fundamental subalgebra of C5'(l, n), hence it is contained 
in a maximal fundamental subalgebra of C5'(l,n), i.e., by Remark 12.161 in a 
conjugate of the graded subalgebra of C5'(l, n) of type (1|1, . . . , 1, 0, . . . , 0) with 
k zeros, for some k = 0, . . . , n. Suppose Lq + CE C <y3((l|l, . . . , l)cs'(i,n)) — 
<^((1|1, . . . , l)s(i,n)) + Cip(E) + C<y9(£i . . . £ngj) for some inner automorphism if 
of C5'(l,n). Since E is contained in .., l)cs'(i,n))j fU 1 ] 1 , l)s(i,n)) is 

an _B-invariant subalgebra of 5(1, n), hence Lq = ip((l\l, .., l)s(i,n)) by max- 
imality. If Lq + CE is contained in a conjugate of the subalgebra of type 
(1|1, . . . , 1, 0, . . . , 0) with k zeros, for some k = 1, . . . , n, the argument is similar. 

Now let So be a maximal among open £i . . . ^-invariant subalgebras of 
5(1, n). Then 5o + C£i . . . £n ^ is a fundamental maximal subalgebra of 5'(1, n) 
containing Likewise, if So is a maximal among open a-invariant 

subalgebras of 5(1, n), then So + CE + C£i . . . £,n-§£ is a fundamental maximal 
subalgebra of C5'(l, n) containing E and £,i • ■ ■ (,n-§- ■ Then statements {ii) and 
(Hi) follow from Remark 12.161 □ 

Theorem 2.18 Let S — 5(1,2) and let b be the 2-dimensional subalgebra of a 
spanned by e and h. 
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(i) If a® is a one- dimensional subalgebra of a, then all maximal among open ao- 
invariant subalgebras of 5(1, 2) are, up to conjugation, the subalgebras of type 
(1|1,1) and (1|1,0). 

(ii) The graded subalgebra of type (1|1,1) is, up to conjugation, the only maxi- 
mal among open b-invariant subalgebras of S '(1,2), which is not invariant with 
respect to a. 

(Hi) All maximal open among a-invariant subalgebras of 5(1,2) are, up to con- 
jugation, the subalgebras of type (2|1,1) and (1|1,0). 

Proof. By Remark l2.16l the proof of (£) is the same as the proof of (i) and (ii) in 
Theorem 12. 171 Recall that the graded subalgebras of principal and subprincipal 
type of 5(1,2) are conjugate. 

Now, using [111 Lemma 5.9] one can check that the graded subalgebras of 
5(1, 2) of type (1|1, 0) and (2|1, 1) are invariant with respect to a. On the other 
hand, the graded subalgebra Lq of type (1|1, 1) is invariant with respect to b but 
it is not a-invariant. Indeed, one has: G Lq, ^ Lq and f{£,i-§^.) = 
with j ^ i. Let Sq be a maximal among b-invariant subalgebras of 5(1, 2). Then 
Sq + C 5Zj=i + ^i&gj is a fundamental maximal subalgebra of C5'(l, 2) 
containing Yli=i & £§~ ana ~ ^i^ 2 Bz' nence J by Remark l2.1tj| Sq is conjugate either 
to the graded subalgebra of 5(1, 2) of type (1|1, 1) or to the graded subalgebra 
of type (1|1,0). 

Now suppose that 5 is a maximal among open a-invariant subalgebras of 
5(1,2). Then 5 is invariant with respect to b, hence 5 + b is contained in 
a maximal fundamental subalgebra of C5'(l,2) containing b. It follows that 
either 5 is contained in a conjugate of the subalgebra of 5(1, 2) of type (1|1, 0), 
thus coincides with it by maximality, or it is contained in a conjugate Su of the 
subalgebra of principal type. As we noticed in Remark 12.121 Su is conjugate 
to the subalgebra of principal type by an automorphism (p = exp(ac? a) for 
some a € a. Since 5 is a-invariant, ip(S) = 5, therefore 5 is contained in 
the intersection of Su with the subalgebra of principal type, i.e., in the graded 
subalgebra of type (2|1, 1). Since the subalgebra of type (2|1, 1) is a-invariant, 
5 coincides with it by maximality. □ 

The Lie superalgebra K(2k + l,n). Let k G Z + and let t, pi,...,pk, 
qi, . . . , qk, be 2fc+l even indeterminates and £i, . . . , be n odd indeterminates. 
Consider the differential form r — dt + ^2i =1 {pidqi — qidpi) + €jd£n-j+l- 
The contact Lie superalgebra is defined as follows ( |17l Example 4.4]): 

K(2k + 1, n) := {X e W(2k + 1, n) \ Xt = fr for some / G A(2fc + 1, n)}. 

The algebra K(2k + l,n) is simple for every k,n. Recall that we assumed 
(fc,n)^(0,2). 

Consider the Lie superalgebra A(2fc + l,n) with the following bracket: 
(2.2) 

[f,9] = (2-^)/^-^(2-^+E(^^-^^)+(-l)^E^g^. 
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where E = SiUfesf" + + YZ=i &sf~ is tlie Euler operator. Then the 

map (p : A(2k + 1, n) — ► K(2k + 1, n) given by: 



is an isomorphism of Lie superalgebras (cf. 10, §1.2], [E])- We will there- 
fore identify K(2k + l,n) with A(2k + l,n). Fix the maximal torus T = 
(t,PiQi,tj€n-j+i I i = l,...,k, j = l,..., [n/2]). 

Remark 2.19 Bracket l|2.2l) satisfies the following rule: 



Besides we have: Xf(g) = [/,<?] + 2-^-g. It follows, in particular, that an ideal 
/ = (/i, . . . , f r ) of A(2fc + 1, n) is stabilized by a function / in K(2k + 1, n) if 
and only if [/, /j] lies in / for every i = 1, . . . , r. 

Notice that, if / is an even function independent of t, then ip = expac?(/) is 
an automorphism of A(2fc + 1, n) with respect to both the Lie bracket and the 
usual product of polynomials. It follows that a subalgebra Lq of K(2k + l,n) 
stabilizes an ideal I = . . . , f r ) of A(2k + l,n) if and only if the subalgebra 
(f(L ) stabilizes the ideal J = (<p(fi), ■ ■ ■ , <p(f r )). 

Remark 2.20 A Z-grading of W(2k+1, n) induces a Z-grading on K(2k + 1, n) 
if and only if the differential form r is homogeneous. It follows that, for every s = 
0,...,[ra/2], the Z-grading of W(2k + l,n) of type (2, 1, . . . , 1|2, . . . , 2, 1, . . . , 1, 
0, . . . ,0), with s + 1 2's and s zeros, induces on K(2k + l,n) a Z-grading of 
depth 2, where g = cspo(2k, n - 2s) ® A(s) + PT(0, s), g_i = C 2fc l n ~ 2s ® A(s) 
and g_2 = [fl-i,0-i] — C ® A(s). This grading is thus irreducible for every 
s = 0, . . . , [n/2] when k = and n is odd, or k > 0, and it is irreducible 
for every < s < when k = and n is even. Besides, when k = 
and n is even the grading of type (1|1, . . . , 1, 0, . . . , 0) with n/2 zeros, is also 
irreducible by Remark 11.131 One can verify that these irreducible gradings 
satisfy the hypotheses of Proposition !! . 1 lf frl , therefore the corresponding graded 
subalgebras of K(2k + 1, n) are maximal. 

The grading of K(2k + 1, n) of type (2, 1 . . . , 1|1, . . . , 1) is called principal. 
The grading of K(2k + 1, 2h) of type (2, 1 . . . , 1|2, . . . , 2, 0, . . . , 0), with h zeros, 
is called subprincipal. 

Remark 2.21 Notice that when k = 0, n is even and s = IL ^ L 1 then the 
grading of W(l,n) of type (2|2, . . . , 2, 1, . . . , 1, 0, . . . , 0), with s + 1 2's and s 
zeros, induces on K(\,n) a grading which is not irreducible. In particular, the 
subalgebra IX/xi ^(1) n )j 01 -^(L n ) corresponding to this grading is contained 
in the maximal subalgebra of type (1|1, . . . , 1, 0, . . . , 0) with n/2 zeros. 




1=1 



di_d_ 

dp l dqi 




[f,gh] = [f,g] h + {-iy^)g[f,h}+2^-gh. 
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Remark 2.22 The group of inner automorphisms that preserve the principal 
grading of L = K{2k+1, n) is isomorphic to C x (Sp(2k) x SO(n)). It follows that 
when k — and n is even the graded subalgebras of L of type (1|1, . . . , 1, 0, . . . ,0) 
and (1|1, . . . , 1, 0, 1, . . . , 0) with n/2 zeros, are not conjugate by an inner au- 
tomorphism of L. Likewise, when k > and n is even the subalgebra of L of 
subprincipal type is not conjugate by an inner automorphism to the subalgebra 
of type (2, 1, . . . , 1|2, . . . , 2, 0, 2, 0, . . . , 0) with n/2 zeros. 

Remark 2.23 One can define a valuation v on A(m, n) (and the induced val- 
uation on A(m, n)/Cl) with values in Z, by assigning the values of v on the 
generators {xi,£j | i = l,...,m;j = l,...,n} of A(m, n) as an associative 
algebra, and by extending v to A(m, n) through the usual two rules: 

a) v{f-g) = v{f) + v{g); 

b) v{f + g)=m.m{v{f),v{g)). 

Example 2.24 Consider the symmetric bilinear form = <5i,n-j+i on the 

vector space V = . . . , £„}. Given a subspace U of V we shall denote by U° 
the kernel of the restriction of the bilinear form (•, •) to U. Then U = U° © U 1 
where U 1 is a maximal subspace of U with non-degenerate metric. Let (U 1 ) 1 - 
be the orthogonal complement of U 1 in V. Then (U 1 ) 1 - contains U a and a 
subspace (U )' non-degenerately paired with U°. Let us denote by {U 1 )' the 
orthogonal complement of U° + (U )' in (U 1 )^. 

Now suppose that U is a coisotropic subspace of V and consider the ideal 
Iu = (t,pi, ■ ■ ■ ,Pk,Qi, ■ ■ ■ , qk, U) of A(2fc + 1, n). We define a valuation v on 
A(2k + 1, n) as follows: 

v(t) = 2; vfa) = v{qi) = 1; 

u{x) = 1 for x e U 1 ; 
u(x) = 2 for x e U°; v{x) = for x E (U )' . 
Then the subspaces 

L 3 {U) = {x e A(2fc,n) | v{x) > j + 2} 

define a filtration of K(2k + l,n) where L_i = and L = Stab(Iu). If 
n is not even or n is even and dim(t/°) < n/2, this is in fact the graded fil- 
tration of K(2k + l,n) associated, up to conjugation, to the grading of type 
(2, 1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with s + 1 2's and s 0's, s being the dimen- 
sion of U°. If n is even, k — (resp. k > 0), and {/ = C/° is a maximal isotropic 
subspace of V, then L n is conjugate either to the graded subalgebra of L of type 
(1|1,...,1,0,...,0) (resp. (2, 1, . . . , 1|2, . . . , 2, 0, . ..,0)) or to the graded sub- 
algebra of type (1|1, . . . , 1, 0, 1, 0, . . . , 0) (resp. (2, 1, . . . , 1|2, . . . , 2, 0, 2, . . . , 0)) 
with n/2 zeros. 
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Remark 2.25 If k = and n — 2h then the maximal graded subalgebra of 
K(l,n) of type (2|2, . . . , 2, 0, . . . , 0) is not irreducible since its component of 
degree —1 does not generate its negative part. Notice that the non-negative part 
of the irreducible grading of type (1|1, . . . , 1, 0, . . . , 0) with h zeros coincides with 
the non-negative part of the grading of type (2|2, . . . , 2, 0, . . . , 0). In particular, 
it stabilizes the ideal Iy — (t,pi, . . . , Pk,qi, ■ ■ ■ ,qk, U a ) where U° = . . . , 

Lemma 2.26 In the associative superalgebra A(2k + l,n), let us consider an 
ideal J = (t,pi, . . . ,pk, ?i, • • • , qk, hi, ■ h r ) where hi, . . . ,h r € A(0, n). Sup- 
pose that hi = rji + F and hi = r/^+G where r\i, r( x are non- degenerately paired, 
distinct elements of V — . . . , £ n ) and F, G contain no constant and linear 
terms. Then J is conjugate to the ideal K = (t + T,pi, . . . qy, . . . , qk, rji, r)[, 
fi, fr-2) for some functions T, fi 6 A(£7) where U is the orthogonal comple- 
ment of (rii,rj'i) in V. 

Proof. Multiplying hi by some invertible function we can assume that F does 
not depend on 771, i.e., 771 + F = rji + fm'i + fi where fi, fi lie in A(C7). Also, 
we can assume that G lies in A(?7i) where Ui = (U, rji). Notice that fi-q^ + fiG 
lies in J, therefore J = {t,pi, . . . ,p k , qi, . . . , q k , r\i + f 2 - fiG, n[ + G, h 3 , ...,h r ) 
where fi — fiG € A(C/i). Therefore, multiplying 771 + f 2 — fiG by an invertible 
function, we can write J = (t,pi, ■ ■ ■ ,p k , qi, ■ ■ ■ , qk, Vi + ^'i Vi + G, h 3 , . . . , h r ) 
where F' e A(U). 

Now (see Remark |2.19|I the automorphism expad^F') maps J to the ideal 
J' = (t + Ti, pi, . . . ,p k ,qi, ■ ■ ■ , qk, VitVi + H, h' 3 , h' r ) where Ti and the func- 
tions h'i's lie in A(0,n), and H S A(C/). Then, similarly as above, the automor- 
phism exp ad(rjiH), maps J' to the ideal K — (t+T2,pi, . . . ,pk, qi, ■ ■ ■ ,qk, Vi, Vi, 
fi, fr-2), for some T 2 , fi, . . . f r -2 £ A(0, n). Since 771 , 77^ lie in K, it is imme- 
diate to see that we can assume T 2 , fi, f r -2 G A(J7). □ 

Lemma 2.27 In the associative superalgebra A(2fc + l,n), let us consider an 
ideal J = (t,pi, . . . ,pk, (ft, ... , qk, hi, hr) where hi, . . . , h r G A(0, n). Suppose 
that hi = ifi +F where rji is an element ofV non- degenerately paired with itself, 
and F contains no constant and linear terms. Then J is conjugate to the ideal 
K = (t+T,pi, . . . ,p k ,qi, ■ ■ ■ , qk,Vi, fi, fr-i) for some functions T, fi E A(U) 
where U is the orthogonal complement of (rji) in V. 

Proof. One uses the same argument as in the first part of the proof of Lemma 
|2~2"HI □ 

Lemma 2.28 Let Lq be a maximal open subalgebra of L = K(m, n) = A(m, n) 
and let I be an ideal of A(m,n) stabilized by Lq. Suppose that I is maximal 
among the Lo-invariant ideals. Then Lq C /. 

Proof. Let (Lo) be the ideal generated by Lq. Every invertible element of 
A(m, n) is not exponentiable therefore (Lq) contains no invertible element of 
Aim, n). It follows that (Lo) + / is a proper ideal of A(m, n) containing /, and 
it is Lo-invariant. By the maximality of / it follows Lo C I. □ 
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Lemma 2.29 Let J = (t + fo,Pi + fx, qi + hi, . ■ ■ ,Pk + fkt <7fc + h k ) 6e an ideal 
of A(2fc + 1, ti), /or some even functions fi, /ij containing no linear and constant 
terms. Then J = (t + f^,p x + f[,qi +h' 1 ,...,pk + f' k ,qk + h' k ) with //, ftj in 
A(0,n). 

Proof. Suppose /o = t+^i+</>2 with 2 independent oft and n 2 = deg(</> 2 ) > 1- 
Then fo — fo4>i = t — t<f>\ — </> 2 </>i + 4*2- Then the coefficients of t in the second 
and in the third term have degree 2n\ and n x + n 2 — 1 > rz-i, respectively, where 
n\ = dcg^i. Hence in the limit we get t + ip for some function ip independent 
of t. Similarly we can make /o, and fj, hj independent of all even variables for 
every j = 1, . . . , k. □ 

Theorem 2.30 Let L be a maximal open subalgebra of L = K(2k + l,rt). 
Then Lq is conjugate to the standard subalgebra Lu of L stabilizing the ideal 
lu — (i>Pi> Qit ■ ■ ■ iPk, Qki U) of A(2k + 1, n), for some coisotropic subspace U of 

V = (Zl,...,Zn). 

Proof. By Remark 1 1. 31 Ln stabilizes an ideal of the form 
J = (t + f Q ,pi + fi,qi +hi,...,pk + fk,Qk + h k , v x + gi,u 2 + 52, ■ ■ ■ , v s + g s ) 

for some linear functions Vj in odd indeterminates, and even functions fi, hi and 
odd functions gj without constant and linear terms, and J is maximal among 
the Lo-invariant ideals of A(2k + l,n). 

By Lemma 12351 we can assume /q and, similarly, fi, hi in A(0, n) for every 
i. Therefore the automorphism exp(ad(fiqi)) maps J to 

J\ = (t+fo,Pl,qi+h' 1 ,P2+f2,<l2+ti 2 , . . . ,p k +f' k ,q k +ti k ,is 1 +g' 1 ,iS2+g' 2 , ■ ■ ■ , 

As above we can make h x independent of even variables. It follows that the 
automorphism expad(— h' x pi) maps J x to J 2 = (t + fo',Pi,qi,P2 + / 2 ',92 + 
h'2, ■■■,Pk + fk, Qk + h'l, v x + g'{, v 2 + g'2, ■ ■ ■ , v s + g'J). The same procedure 
applied to all generators p, + f" and qj + h" shows that J is in fact conjugate 
to the ideal 

I ={t + T ,pi, . . . ,Pk,qi, ■ ■ • ,qk, vi + 4, v 2 + 4, •• -,v s + 4) 

where v x ,...,v s are linearly independent vectors in V and To, 4) • • • , 4 are 
functions in A(0, n) without constant and linear terms. 

Let U = (v x , . . . , u s ). Then, using the notation introduced in Example 12. 241 
by Lemmas and EI23 

I = (t + T x ,p x , . . . ,Pk,qi, V X ,r\\ +4,-- - ,»7r + 4) 

where U° = ( m , . . .,r) r ) and T x ,l x , ,..,46 A(([/ 1 ) ± ). Let (U )' = ( V ' x , ...,rf r ) 
with (r?j,r?j) = S it j. 

Denote by I' the ideal I' = (t + T x , r]i + 4, . . . , r) r + 4) C I. Then, each 
function / in Lq (thus stabilizing 7) stabilizes the ideal K — (I, [I', I']). Indeed, 
for every g,h 6 I 1 we have: 

[f,[g,h]} = [[f,g],h}±[g,[f,h}]e[I,I'} 
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and [I, /'] C K since T\ and all odd generators of V are orthogonal to U 1 . Notice 
that K is generated by the generators of I and by the commutators between 
every pair of generators of I'. Therefore K is a proper ideal of A(2fc + l,n) 
since among its generators there is no invertible element. By the maximality of 
/ among the ideals stabilized by Lq we have I = K. 
Let us rewrite the ideal I as follows: 

I = (t + Ti,pi,qi, . . . ,Pk,qk, U 1 ,?]!, . . .,rj h -i,rih + 4, ■ ■ ■ ,??r + 4) 

where h = min{i = 1, . . . , r | ^ ^ 0}. 

We first show that the functions 4 can be made independent of 77^, ... , ffh—v 
Indeed, let 77/1+4 = Vh+Vi c t ) i + ( t , 2 where 0i, </>2 do not depend on rj^. Then (f>i — 
[VuVh+^h] £ [/',/'] C K = I, thus / = (t+Ti,pi,qi, . . . ,Pk,qk, U 1 ,^, . . . ,r\h-\, 
Vh + <h> Vh+i + P'h+i> ■ ■ ■ iWr + 4)> where cf> 2 £ A((J7 1 )- L ) does not depend on r]^. 
Arguing in the same way for the variables t]' 2 , ... , f]'h-i^ we § e ^ 

I = {t + T 1) p 1) q 1) . . . ,p k ,qk, U 1 ,^, . . . + <t>,T)h+i + 4+i, ■■■,Tjr + 4) 

where <j> does not depend on T][, . . . , , q' h _ l . Besides, multiplying rjh + 4> by an 
invertible function, we can assume that <f> does not depend on rjh- Now we can 
write <fi = rj' h tpi +ip2 with ipi,ip2 independent of r)[, . . . , r)' h . Therefore, applying 
the automorphism exp(a<i('02?yl)) we can write 

I = {t + T 2 ,p 1 ,qi,...,p k ,qk,U 1 ,r] 1 ,.. . ,t] h -i,r] h +r)' h il)x,r]h + i+£' h+ i, ■ ■ .,T] r + i' r ) 

for some T 2 , l' } £ A(0, n). Then Vi = l/2[% + rj'^x, Vh + e i 1 ' I'} C K = 

I. Therefore, up to conjugation, 

/ = (t + T 2 ,pi,qi, . . . ,Pk,qk,u 1 ,m> ■ ■ -,vh~i,vh,vh+i + 4+i' ■ ■ -,Vr + K)- 

Arguing as above for 4+1' • ■ ■ j 4, we can assume, up to conjugation, that / has 
the following form: 

I = (t + f,Pi,qi, ■ ■ ■ ,Pk,qk,U x ,771, . . . ,r] r ) = (t + T,pi ) qi > ■ ■ • ,Pk,gk,U) 

for some function / in A(0, n). Notice that, in fact, we can assume / £ A((/7 )'© 
(U 1 )'), since U = U° © U 1 C I. Now suppose / = 77^1 + ip 2 with <px, ip 2 
independent of 77^. Then [t + /, 771] = —771 + <y?i G [4,1'] C K = I, thus we 
can replace t + f with t + (p 2 (here I' = (t + f, U )). Similarly, we can make / 
independent of 772, . . . , 77^., i.e., / £ A((?7 1 )') with no linear and constant terms. 
In particular, if U is coisotropic then / = and / is a standard ideal. 

Suppose that U is not coisotropic and consider the ideal Y = (t,pi, . ■ ■ ,Pk, 
qi, . . . , qk, U + (U 1 )'). Note that if U is not coisotropic then the subspace 
U+(U 1 )' is coisotropic. Let L'_ 2 D L'_ 1 D . . . be the filtration of K (2fe+l, n) as- 
sociated to the ideal Y as in Example l2.24l where L' — Stab(Y). Then the com- 
pletion of the graded superalgebra GrL associated to this filtration is isomorphic 
to K(2k + 1, n) with respect to the grading of type (2|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) 
with s + 1 2's and s 0's, where s = dim([4). In particular we have: 

Gr_ 2 (L) = A((f/ )'), Gr_i(L) - «p,-, q % ) © U 1 © (C/ 1 )') © A((U )'). 
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We want to show that Lq is contained in L' Q . Suppose that X G K(2k+ 1, n) 
stabilizes /. Then we can write 

X = X-2 + X—i + Xq 

with X-2 S Gr_2^, -XL 1 G Gr-\L and ATo G Ilj>o ^J-^' ^ n ^ ac ^' smce -^o 1S 
open, AT_ 2 g A((E/°)')/C. 

Note that t G Gr L, f G H j>0 Gr 3 L, U° C Gr Q L, U 1 C Gr^L and p u q { G 
Gr-iL. It follows that 7 C Gr>Z 1 = L'_ v 

Now, since X G Stab(I), we have: 

[X, U°] C 7 C L'_ x => [X- 2 , U°] = 

and, since AT_ 2 G A((U°)')/C, it follows AT_ 2 = 0. 
Similarly, 

[X,?/ 1 ] c /=► [X-^U 1 ] =0 

and 

C/=> [X_ 1)ft ]=0, [X )% ]C/^[X_ 1)% ]=0, Vi = l,...,fc, 

hence X_x G (C/ 1 )' ® A((J7 )'). Therefore X = X_ a + X G L with X_ x G 
{U 1 )' ® A((C/ )') G Gr_i£ and AT G II 3> o Gr J L - B y Lemma l2~2lH L C I, 
hence X £ I. It follows X_i = 0, i.e., Lq C IL>o Gr j-k- Indeed if X_i ^ 
then i/(JT) = 1 but in {x \ v{x) = 1} = ft ) + C/ 1 ) ® A(([/ )') + TT^o Grji. 
By the maximality of Lo the statement follows. □ 

Theorem 2.31 (i) All maximal open subalgebras of K(l, 2h) (h > 1) are, up to 
conjugation, the graded subalgebras of type (1|1, . . . , 1, 0, . . . , 0) and (1|1, ...,1,0, 
1, 0, . . . , 0) with h zeros, and the graded subalgebras of type (2|2, . . . , 2, 1, . . . , 1, 
0, . . . , 0) with s + 1 2's and s zeros, for s = 0, . . . , h — 2. 

(ii) If k > and n is even, all maximal open subalgebras of K(2k + 1, n) are, 
up to conjugation, the graded subalgebras of type (2, 1, . . . , 1|2, . . . , 2, 1, . . . , 1, 
0, . . . , 0) with s + 1 2's and s zeros, for s = 0, . . . , n/2 and the graded subalgebra 
of type (2, 1, ... , 1|2, . . . , 2, 0, 2, 0, . . . , 0) with n/2 zeros. 

{Hi) If n is odd, all maximal open subalgebras of K(2k + l,n) are, up to conju- 
gation, the graded subalgebras of type (2, 1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with 
s + 1 2's and s zeros, for s — 0, . . . , [n/2]. 

Proof. By Theorem I2.3UI every maximal open subalgebra of K(2k + l,n) is 
conjugate to the standard subalgebra associated to the ideal In = (t,pi, . . . ,Pk, 
qi, . . . , qk, U) of A(2fc+1, n), for some coisotropic subspace U of V = . . . , £„). 
Now the statement follows from Example |2~2H and Remarks |2~2TJ1 |2~2T1 [2321 and 
|2~231 □ 

Corollary 2.32 (i) All irreducible "L-gradings of K(l,2h) are, up to conju- 
gation, the grading of type (2|2, . . . , 2, 1, . . . , 1, 0, . . . , 0), with s + 1 2's and s 
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zeros, for s = 0, . . . , h — 2 and the gradings of type (1|1, . . . , 1, 0, . . . , 0) and 
( 1 1 1 , . . . , 1, 0, 1, 0, . . . , 0) with h zeros. 

(ii) All irreducible Z-gradings of K(2k + l,n) where k > and n is even are, 
up to conjugation, the gradings of type (2, 1, ... , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with 
s+1 2's and s zeros, for s = 0, . . . , n/2 and the grading of type (2, 1, . . . , 1|2, . . . , 2, 
0, 2, 0, . . . , 0) with n/2 zeros. 

(iii) All irreducible Z-gradings of K(2k + 1, n) where n is odd are, up to conju- 
gation, the gradings of type (2, 1, ... , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with s + 1 2's 
and s zeros, for s = 0, . . . , [n/2] . 

We take the opportunity here to describe the embedding of the Lie superal- 
gebra 5(1,2) in K(1,A) and to correct Proposition 4.1.2 in |1U) . 

Remark 2.33 Consider the Lie superalgebra K(l, 4) with its principal grading. 
Then go = cso^ and we want to study gi as a go-module. gi is spanned by the 
elements t&, for i — 1,...,4, and £i£j£fc for k — 1,...,4, i ^ j =f= k, 
thus it is the direct sum of two isomorphic irreducible representations of SO4: 
V = (t£i) and W — (£i£j£k)> each of which is isomorphic to the standard 
so 4 -module. Note that [W,W] = (£i66f4> and [fl_ 2 , = 0. It follows that 
Q-2 + 8-i+Bq + W +{W, W] is isomorphic to H (0, 4) + Ct where t is the grading 
operator (see ^| §1.2]). As it was noticed in |1(J1 Proposition 4.1.2], for every 
A g C, the subspace V x = <&t+A&6&, ^t+X^iU, fot+^Sifa, ^-A^^Cs) 
is an irreducible go-submodule of gi, but, differently from what is claimed in 
|10l Proposition 4.1.2], dim([VA, V\\) = 1 for every A £ C. Besides, for every 
A ^ ±1, [g_i, Vx] = cso 4 = go, while, if A = 1 or A = — 1, then [g_i, Vx] = gh- 
Therefore, for every A ^ ±1, g_2 + 0-i + go + Vx + [Vx, Vx] is a simple, 17- 
dimensional Lie superalgebra, isomorphic to the Lie superalgebra D(2, 1; a) for 
some a (cf. |151 Remark 2.5.7]). If A = 1 or A = —1, the Lie superalgebra 
L ■= 0-2 + g-i + gh + Vx + Vx nas dimension 14 and it is isomorphic to 
sl(2, 2)/Cl, and the copy of sl%, lying in go and outside of L, acts on L by outer 
derivations. 

Now consider the Lie superalgebra 5(1,2) = Ylj>—2 ^0 with respect to the 
grading of type (2|1, 1). Then the positive part of this grading is not generated 
by ifi. On the contrary, (f)i) 2 has dimension 1 and E)_2 + ij)-i +E)o + E)i + (f)i) 2 — 
sl{2, 2)/Cl. We have the following embedding of 5(1, 2) in K(l, 4): 

5(1, 2) = C[t + + 66]A(6, 6) + C[i - ZiU - 66]A(6, U)- 

The Lie superalgebras HO(n,n) and SHO(n, n). Let xi,...,x n be n 
even indeterminates and ^1, . . . ,£ n be n odd indeterminates, and let us consider 
the differential form a = ^"=1 dxid^i. The odd Hamiltonian superalgebra is 
defined as follows (cf. £Q): 

HO{n, n) := {X £ W(n, n) \ Xa = 0}. 
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It is a simple Lie superalgebra if and only if n > 2. The Lie superalgebra 
HO(n, n) contains the subalgebra 

SHO'(n,n) := S'HO(n,n) ={Ie HO(n,n) \ div(X) = 0} 

(see Definition 12 . 41 and Example 12. 8(1 . 

Its derived algebra SHO(n 7 n) = [SHO' (n,n), SHO' (n,n)} is simple if and 
only if n > 3. 

The Lie superalgebra HO(n,n) can be realized as follows (cf. [TUI §1.3]): in 
A(n, n) one can consider the Lie superalgebra structure defined by the Buttin 
bracket: 

\f>"] -E(|^# + (-i) p(/) f P-)- 

dxi d£i d£i dxi 

Then the map A(n, n) — > HO{n, n) given by: 

defines a surjective homomorphism of Lie superalgebras whose kernel consists 
of constant functions. Hence we will identify HO(n,n) with A(n, n)/Cl with 
the Buttin bracket, with reversed parity. Under this identification 

SHO'(n,n) = {/ e A(n,n) | A(/) = 0}/Cl =: A A (n, n)/Cl, 

where A = J^iLi g^rgg is the odd Laplace operator, and SHO(n, n) is the span 
of all monomials in SHO'(n, n) except for £i . . . £„. 

Since HO(2, 2) = 5(2, 1) and since SHO(n, n) is simple if and only if 
n > 3, when talking about HO(n,n) and SHO{n,n) we shall assume n > 3. 
Fix the standard torus T = (xj^j | i = l,...,n) of HO(n,n). Recall that 
DerHO{n,n) = HO(n,ri) + CE where £ = £" =1 (:Eig§7 + Ci^r) is the Euler 
operator. Besides, if n > 4 then DerSHO(n, n) = SHO'(n, n) + CE+C<i> where 
$ = £"=i ( w ith S"=i( _a; i^7 + ^gf") tne corresponding vector field) (cf. 
Proposition OI). Finally, DerSHO(3,3) = SHO{3,3) + a where a = gl 2 and a 
maximal torus of is spanned by E and <I> (cf. ^3 Remark 4.4.1]). 

Remark 2.34 The Z-grading of type (1, . . . , 1|0, . . . , 0) of W(n, n) induces on 
HO{n, n) (resp. SHO(n, n)) a grading of depth 1 (called the subprincipal grad- 
ing) which is irreducible by Remark 1 1.131 

Consider the gradings induced on HO(n,n) (resp. SHO(n,n)) by the Z- 
gradings of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) of W(n 7 n), with k 2's and 
k zeros. For any fixed k, < k < n — 2, the 0-th graded component of HO(n, n) 
(resp. SHO(n,n)) with respect to this grading is isomorphic to the Lie super- 
algebra P(n - k) <g> A(fc) + W(0, k) (resp. P(n - k) <g> A(fc) + W(0, k)) and the 
— 1-st graded component is isomorphic to C™- fc |n-fc ® A(fc) where C™- fc l™- fc i s 
the standard P(n — fc)-module (cf. JS]). Therefore for every k — 0, . . . , n — 2 
these are irreducible gradings of HO(n,n) (resp. SHO(n,n)). If k > then 
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the grading of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) with k 2's and k zeros, 
has depth 2, its —1-st graded component generates its negative part and prop- 
erty (Hi)' of Proposition 11.1 is satisfied. It follows that the subalgebras of 
HO(n,n) (resp. SHO{n,n)) of type (1,...,1| 0, ...,0) and (1, . . . , 1, 2, . . . , 2 
|1, . . . , 1, 0, . . . , 0) with k 2's and k zeros, for k = 0, . . . , n — 2, are maximal. (All 
claims hold also for the Lie superalgebra HO(2, 2)). 

The Z-grading induced on HO(n,n) (resp. SHO(n,n)) by the principal 
grading of W(n, n) is also called principal. 

Remark 2.35 The Z-grading of type (1, 2, . . . , 2|1, 0, . . . , 0) of HO(n, n) is not 
irreducible. Indeed the 0-th graded component of HO(n,n) with respect to 
this grading is the subspace (x^, Xi£i, Xi | i = 2, . . . , n) ® A(£ 2 , ■ ■ • , £n) and its 
— 1-st graded component is (xi, £i) A(£ 2 , ■ • • , It follows that the subspace 
(xx) ® A(£ 2 , ■ ■ ■ , £n) of HO(n, ri)-x is HO(n, n)o-stable. 

Likewise, the Z-grading of type (1, 2, . . . , 2|1, 0, . . . , 0) of SHO(n, n) fails to 
be irreducible. Indeed, with respect to this grading, HO(n 7 n)_i = SHO(n, ri)-x- 

The subalgebra of type (1, 2, . . . , 2|1, 0, . . . , 0) of HO(n, n) (resp. SHO(n, n)) 
is contained in the maximal subalgebra of type (1, . . . , 1|0, . . . , 0). 

Remark 2.36 Let L = HO(n,n) or L — SHO(n,n). Then the graded subal- 
gebra L k of L of type (1, . . . , 1, 2, . . . , 2 |1, . . . , 1, 0, . . . , 0) with n — k 2's and n — k 
zeros, is, for every k — 1, . . . ,n, the standard subalgebra Ly of L stabilizing 
the ideal ly — (xi, • ■ ■ , x n , £i, . . . , Indeed, for every k, Lk C Ly since Lk is 
contained in the graded subalgebra of W(n, n) of type (1, . . . , 1|1, . . . , 1, 0, . . . , 0) 
with n — k zeros, which stabilizes ljj (cf. the proof of Theorem 12. 3|l . If k ^ 1, 
then, by Remark l2.34l Lk is a maximal subalgebra of L, thus Lk — Ljj for every 
k± 1. 

Now suppose k = 1. By Remark 11.151 -L/y is regular and, up to conju- 
gation, we can assume that it is invariant with respect to the standard torus 
T + CE of DerHO(n,n). Therefore Ljj decomposes into the direct product 
of weight spaces with respect to T + CE. Consider the Z-grading of L of 
type (1, 2, . . . , 2 1 1 , 0, . . . , 0). Then the negative part of this grading is g_ = 
(< l,:z;i, £i > ®A(£ 2 , ■ ■ - ,£n))/Cl. Notice that C&j . ..& h , with i x ^ • • • ^ ih, 
and Cxi^jj . . -Cjhi with 1 ^ jx ' ' ' 3hi are one-dimensional weight spaces 
with respect to T + CE. Therefore, in order to prove that Ljj is contained in 
L\ (hence Ly = L\) it is sufficient to show that, for every / 6 g_, / does 
not lie in Ly. Notice that Ljj contains the elements x%, . . . ,x n but it does not 
contain neither the elements £j for any i = 1, ... ,n, nor the element xx, since 
these elements do not stabilize the ideal ljj. It follows that the elements 
cannot lie in Ly for any i 7^ j. Indeed, [xj,£i£j] = — Likewise, by induction 
on fc = 1, . . . , n, the elements ^ . . . <^ fc cannot lie in Ly for any fc = 1, . . . , n. 
Now, suppose that xi£j lies in Ly for some j ^ 1. Then contains the ele- 
ment [xj,a;i£j] = xi and this contradicts our assumptions. It follows that Ly 
cannot contain the elements xi£j and, similarly, the elements x\^j 1 . . for 
any jx 7^ • • • 5^ jk ^ 1- £[/ is therefore contained in L\, hence Ly = L\. 

Finally, the graded subalgebra of L of type (1, . . . , 1 10, . . . , 0) is the standard 
subalgebra of L stabilizing the ideal (xi, . . . , x n ). 
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Remark 2.37 We recall that DerSHO{3, 3) = SHO{3, 3) + a with a ^ gl 2 (cf. 
Proposition 11.81 10, Remark 4.4.1]). The subalgebra a of outer derivations is 
generated by the Euler operator E and by a copy of sl 2 with Chevalley basis 
{e, h, /} where e = ad(66 £ - 66 - 66 ^) and /i = od(f Eli (6 4 " 
Xi-^r-)). In order to describe the action of the derivation / one can proceed 
as in ^2 Lemma 5.9]. Here it is convenient, as before, to identify SHO' (3,3) 
with the set of elements g in A(3, 3)/Cl such that A(g) = 0, and SHO(3, 3) 
with the subspace consisting of elements not containing the monomial 666- 
Under this identification e = ad(666) and h — a<i(§ X}j=i x i£i)- Let us 
consider SHO(3,3) with its principal grading. With respect to this grading, 
SHO(3,3)j = (SHO(3, 3) i) 3 , for j > 1, therefore it is sufficient to define 
the derivation / on the local part SHO(3,3)^ © SHO(3,3) © SHO(3,3)i 
of SHO(3,3). One has: /(66) - -fig, /(66) = fa*, /(66) = -f*i; 
/(2C1626) = -gx?, /(za66) = /(Z366) = ~k x h /(^i66 -2:366) = 
-§2:12:3, 7(2:266 - 2:366) = §2:22:3, 7(2:166 - 2:266) = §2:12:2, and / = 
elsewhere on SHO(3, 3)_ x © 5iJO(3, 3) © 5iJO(3, 3) x . 

Remark 2.38 Let S = Ylj > _ 2 Sj denote the Lie superalgebra SHO(3,3) with 
respect to the grading of type (2, 2, 2|1, 1, 1). Then So — SI3 and S-i is iso- 
morphic, as an S'o-module, to the direct sum of two copies of the standard 
s^-module. It follows that, for every irreducible s?3-submodule U of S—i, 
Su '■= U + Ylj>o i s a maximal open subalgebra of 5. In particular, if 
U = (66 I i,j = 1,2,3) or U = (xi j i — 1,2,3), then Su is the maximal 
graded subalgebra of type (1, 1, 1|1, 1, 1) or (1, 1, 1|0, 0, 0), respectively. The 
subalgebras Sjj are not conjugate by inner automorphisms of S, but they are 
conjugate by inner automorphisms of DerS, since the copy of sl 2 of outer deriva- 
tions of S described in Remark [2.371 permutes the subspaces U. In particular 
the graded subalgebras of principal and subprincipal type are conjugate by the 
automorphism exp(e) exp(— 3/4/) exp(e) G G. 

Remark 2.39 Let 1 < i < j < n. Then the change of indeterminates that 
exchanges Xi with Xj and £j with 6 preserves the form a. 

Remark 2.40 Let rj = Q!i 1 6i + ' ' ' + a ik^k f° r some k < n, with G C, 
a,. 7^ 0. According to Remark 12. 391 we can assume r\ = «i6 + • • • + 0^6 with 
a.i 7^ for i = 1, . . . , k. Then the following change of indeterminates preserves 
the form a: 

x i = ^1 £{ = r) 

x 2 = x 2 - §72:1 6 = 6 

X 'k = X k 

X^ — Xi 

Theorem 2.41 Let L = HO(n,n) and let L be a maximal open subalgebra of 
L. Then L is conjugate to a standard subalgebra of L. 



6- = ^>k. 
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Proof. Let L = HO(n,n). By Remark 1 1. 31 Ln stabilizes an ideal of the form 

J={xi+fi,...,x n + f n ,rii+g 1 ,...,r] a + g„) 

for some linear functions rjj in odd indeterminates, and even functions fi and 
odd functions gj without constant and linear terms, and J is maximal among the 
Lo-hrvariant ideals of A(n, n). By Remark l2.4UI up to changes of indeterminates, 
we can write 

J = (x 1 +F 1 ,...,x n +F n ,£ 1 + G 1 ,...,£ a + G s ) 

for some even functions Fi and odd functions Gj without constant and linear 
terms, where we can assume Gj independent of £1, . . . , £ s for every j = 1, . . . , s. 

Suppose that x± + i*i = x\ + £iF{ + F" with F[ and F" independent of 
£i. Then we can replace x% + F\ by X\ + F\ — (£i + G\)F[ = x\ + H\ with 
Hi independent of £i. Similarly we can make every function Fi independent 
of £j for every j — 1, . . . ,s. Besides, as in Lemma 12.291 since the ideal J is 
closed, we can make the functions Fi and Gi independent of all even variables, 
i.e., Fi,d £ A(0,n). It follows that the automorphism exp(ad(£iFi)) maps J 
to the ideal 

I = (x u x 2 + F£, . . . , x n + F' n , 6 + G x , ^ + G 2 , . . . , + G a ). 

Arguing in the same way for every function F'j with 1 < j < s, we have, up to 
automorphisms, 

I = (xx, . . .,X a ,X a+1 + h a+ i, ...,X n + hn,£l + Gi,...,£ a + G s ) 

for some functions hi £ A(^ s +i, . . . , £ n ) with no constant and linear terms. Now 
the automorphism exp(ad(— x\G\)) sends I to the ideal 

h = {xi, ■ • . ,x s ,x s+ i + h s+ i, ...,x n + hn,£i,& + G 2 , . . . ,Cs + G s ). 

Analogous automorphisms for Gi, i = 1, . . . , s, yield to the ideal 

Y = (xi, . . .,Xs,X s +l + h s+ i, ...,X n + hn,£u£2, ■ ■ .,£„). 

Consider the ideal Y' — (x s +i + h s +i, . . . , x n + h n ) C Y. Then, each function 
/ in Lq (thus stabilizing Y) stabilizes the ideal K = (Y, [Y',Y']), i.e., the ideal 
generated by the generators of Y and by the commutators between every pair 
of generators of Y'. Indeed, for every g,h eY' we have: 

[/, [g,h}] = [[f,g},h}±[g,[f,h}}£[Y,Y'} 

and [Y, Y'\ C K since all generators of Y outside Y' commute with the gen- 
erators of Y'. Notice that if is a proper ideal of A(2fc + l,n) since among its 
generators there is no invertible element. By the maximality of J among the 
ideals stabilized by Lq we have Y = K . 
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Suppose that h s+ \ = S,s+i'>Pi+ip2 with ipi and ip2 independent of £ s +i. Then, 
applying the automorphism exp(ad(^ s+ i^2)), we can assume 

Y = (xx, . . .,x s ,x s+1 +^+1^1, ...,x n + h' n ,£i,&, ■ ■ - ,£»)• 

Now ip! = l/2[x s+ i + Z s+ iipi,x s+1 + ts+iipi] e [Y', Y']CK= Y, therefore 

Y = (xi, . . . ,x s ,x s+ i,x s+2 + h' s+2 , ...,x n + h' n ,£i,£2, . . . ,£ s ). 

Arguing in the same way for every function h'j we end up with a standard ideal. 
□ 

Theorem 2.42 (a) Let L = HO(n,n), or SHO(n,n) with n > 3. Then all 
maximal open subalgebras of L are, up to conjugation, the graded subalgebras of 
type (1, . . . , 1, 2, . . . , 2 1 1 , . . . , 1, 0, . . . , 0) with k 2's and k zeros, for k = 0, . . . , n— 
2 and the graded subalgebra of type (1, . . . , 1|0, . . . , 0). 

(b) All maximal open subalgebras of SHO(3,5) are, up to conjugation, the 
graded subalgebras of type (1, 1, 1|1, 1, 1) and (1, 1, 2|1, 1, 0). 

Proof. Let L = HO(n,n) and let Lq be a maximal open subalgebra of L. By 
Theorem l2.41l L is, up to conjugation, the standard subalgebra of L stabilizing 
the ideal Iy — (x\, . . . , x n , . . . , £ s ) for some s = 0, . . . , n. The statement then 
follows using Remarks 12.341 12.351 and 12.361 

Let now L = SHO(n, n) and let Lq be a maximal open subalgebra of L. The 
same argument as in Theorem l2 .111 shows that Lq is regular and we can assume, 
by Remark l2.ll that it is invariant with respect to the standard torus T + CE of 
DerHO(n,n). It follows that Lq decomposes into the direct product of weight 
spaces with respect to T + CE. As we noticed in Remark l2.36l . . . & h , with 
i\ ^ • • ■ ^ ih, and Cxi£j 1 . . . £j h , with 1 ^ ji ^ ■ • • ^ jh, are one-dimensional 
weight spaces with respect to T + CE. Besides, note that the elements £j cannot 
lie in L since they are not exponentiable. 

We may assume that one of the following two cases holds: 

1) X\,...,x n lie in Lq. Since [a^, = ih-, it follows that the (T + CE)- 
invariant complement of Lq contains the elements £i£h f° r every i,h — 1, . . . , n. 
Arguing inductively, since [xi 1 ,ii 1 . . .£i h ] — & 2 . . . £j h , one shows that Lq can- 
not contain any element lying in the negative part of the grading of type 
(1, . . . , 1|0, . . . , 0), therefore Lq is contained in the maximal graded subalgebra 
of L of type (1, . . . , 1|0, . . . , 0), thus Lq coincides with this graded subalgebra, 
by maximality; 

2) x\, . . . , Xk do not lie in Lq for some k = 2, . . . , n, and Xk+i, ■ ■ ■ , x n lie in 
Lq. Then the (T + Ci?)-invariant complement of Lq contains the elements £/,P 
for h = l,...,n and P e A(£ fe+1 , . . .,£„). Likewise, since [x^x,-^ . . = 
x jd 2 • ■ - Cihi tli e (T + C£')-invariant complement of Lq contains the elements 
XjP, for j = 1, . . . , k and P £ A(£k+i, ■ ■ ■ , £,n)- Therefore the (T+Ci?)-invariant 
complement of Lq contains the (T + (CiS)-invariant complement of the graded 
subalgebra of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) with n — k 2's and n — k 
zeros. Hence Lq coincides with this graded subalgebra of L. 
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Note that any open regular subalgebra of L containing x% , . . . , x n and not 
containing x\, is not a maximal subalgebra of L. Indeed any such a subalgebra 
is contained in the graded subalgebra of type (1, 2, . . . , 2|1, 0, . . . , 0) which is not 
maximal by Remark l2.35l 

By Remark 12.381 the subalgebras of principal and subprincipal type of 
SHO(3, 3) are conjugate by an element of G. □ 

Corollary 2.43 (a) All irreducible TL-gradings of HO(n,n) and of SHO(n,n) 
with n > 3, are, up to conjugation, the gradings of type (1,...,1,2,...,2| 
1, . . . , 1, 0, . . . , 0) with k 2's and k zeros, for k = 0, . . . , n — 2 and the grad- 
ing of type (1, . . . , 1|0, . . . ,0). 

(b) All irreducible Z-gradings of SHO(3,3) are, up to conjugation, the grad- 
ings of type (1, 1, 1 1 1, 1, 1) and (1, 1,2|1, 1,0). 

Remark 2.44 By Remark 11.31 the proof of Theorem 12.411 works verbatim if 
we replace L = HO(n, n) with DerL and La with a fundamental maximal 
subalgebra of DerL. Therefore every fundamental maximal subalgebra of DerL 
is conjugate to the standard subalgebra of DerL stabilizing the ideal Iy = 
(x\, . . . , x n , £i, . . . , £ s ) of A(n, n), for some s = 0, . . . , n. 

Theorem 2.45 Let L = HO(n,n). Then all maximal among E-invariant sub- 
algebras of L are, up to conjugation, the subalgebras of L listed in Theorem 

Proof. By Remark l2 .44l everv fundamental maximal subalgebra of DerL is con- 
jugate to the standard subalgebra of DerL stabilizing the ideal In — (x\ , . . . , x n , 
£i, . . . , £ s ) of A(n, n), for some s = 0, . . . , n. Therefore, by Remarks 12.341 12.351 
and 12.361 all fundamental maximal subalgebras of DerL are, up to conjugation, 
the subalgebras Lo + CE where Lq is one of the maximal open subalgebras of 
L listed in Theorem 12 . 42f a') . If So is a maximal among open E- invariant subal- 
gebras of L, then 5*o + CE is a fundamental maximal subalgebra of DerL and 
the thesis follows. □ 

As in the case of the Lie superalgebra S(l,n), we are now interested in 
the subalgebras of SHO{n, n) which are maximal among its ao-invariant sub- 
algebras, for any subalgebra Oo of the subalgebra a of outer derivations of 
SHO{n,n). 

Remark 2.46 The same arguments as in Theorem l2 .111 show that every maxi- 
mal open subalgebra of SHO'(n, n) and CSHO'(n, n) is regular. Therefore the 
same arguments as for SHO(n,n) in Theorem l2.42l show that all fundamental 
among maximal subalgebras of SHO'(n, n) or CSHO' (n, n) with n > 3, are, up 
to conjugation, the graded subalgebras of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) 
with k 0's and k 2's, for some k = 0, . . . , n — 2. Indeed the graded subalgebra 
of SHO'(n,n) (resp. CSHO'{n,n)) of type (1, . . . , 1|0, . . . , 0) is not maximal, 
since it is contained in SHO(n, n) (resp. SHO(n, n) + C$ + CE). Notice that 
the graded subalgebras of principal and subprincipal type of S HO' (3,3) (resp. 
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CSHO'(3, 3)) are not conjugate. By the same arguments, all maximal among 
fundamental subalgebras of SHO'(n,n) and CSHO'(n,n) are, up to conjuga- 
tion, the graded subalgebra of type (1, . . . , 1|0, . . . , 0) and the graded subalge- 
bras of type (1, . . . , 1, 2, . . . , 2 1 1 , . . . , 1, 0, . . . , 0) with k 0's and k 2's, for some 
fc = 0,...,n-2. 

Theorem 2.47 Let L = SHO(n,n) with n > 4. 

(i) If Oo is a torus of a, then all maximal among open ao-invariant subalgebras 
of L are, up to conjugation, the graded subalgebra of type (1, . . . , 1|0, . . . , 0) and 
the graded subalgebras of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) with k 0's and 
k 2's, for some k = 0, . . . ,n — 2. 

(ii) If ao = C£i . . . xt, where t is a torus of a, then all maximal among open ao- 
invariant subalgebras of L are, up to conjugation, the graded subalgebras of type 
(1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0), with k 2's and k zeros, for k = 0, . . . , n — 2. 

Proof. One uses Remark 12.461 and the same arguments as in the proof of 
Theorem |2~T7I □ 

Theorem 2.48 Let L = S 110(3, 3) and let let b = Ce + Ch C O = gl 2 . 

(i) If ao is a one- dimensional subalgebra of a or a two-dimensional torus of a, 
then all maximal among open ao-invariant subalgebras of SHO(3,3) are, up to 
conjugation, the subalgebras of type (1, 1, 1|1, 1, 1) and (1, 1, 2|1, 1, 0). 

(ii) If ao = Ce x t, where t is a torus of a, then the graded subalgebra of type 
(1, 1, 1|1, 1, 1) is, up to conjugation, the only maximal among open ao-invariant 
subalgebras of SHO(3,3) , which is not invariant with respect to a. 

(Hi) If ao = sl2 or ao = a, then all maximal among open ao-invariant subalge- 
bras of SHO(3,3) are, up to conjugation, the subalgebras of type (1, 1, 2|1, 1, 0) 
and (2, 2, 2|1, 1,1). 

Proof. By Remark l2.46l the proof of (i) is the same as the proof of (i) and (ii) in 
Theorem 12 .171 Recall that the graded subalgebras of principal and subprincipal 
type of SHO(3,3) are conjugate. 

Now, using Remark l2.37l one verifies that the graded subalgebras of SHO(3, 3) 
of type (1, 1, 2 1 1 , 1, 0) and (2, 2, 2|1, 1, 1) are invariant with respect to a (see also 
|17l Example 5.5], ^3 Remark 4.4.1]). On the other hand the maximal graded 
subalgebra Lo of SHO(3,3) of type (1, 1, 1|1, 1, 1) is invariant with respect to 
the action of h, e and E, but it is not a-invariant, indeed: £ Lo, Xk Lo 
and /(&£,) = ±|x fe with k ^ i, j. 

Let So be a maximal among open b-invariant subalgebras of SHO(3, 3), then 
So + C£i£2?3 + C 53i=i x i£i 1S a fundamental subalgebra of CSHO'(3, 3), hence 
it is contained in a maximal among fundamental subalgebras of CSHO'(3,3) 
containing ^i^2^3 and X^i 2 -^- ^ follows, by Remark 12.461 that So is conju- 
gate either to the graded subalgebra of type (l,l,l|l,l,l)orto the subalgebra 
of type (1,1,2|1,1,0). A similar argument holds if So is maximal among open 
ao-invariant subalgebras, with ao = Ce + t where t is a one-dimensional torus 
of a. Likewise, if Sq is a maximal among open b + CiS-invariant subalgebras 
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of SHO(3, 3), then S + +CEti + C£ is a fundamental maxi- 

mal subalgebra of CSH0'(3, 3), hence, by Remark |2.46l it is conjugate either 
to the graded subalgebra of type (1, 1, 1|1, 1, 1) or to the subalgebra of type 
(1,1,2|1, 1,0). 

Finally, let ao = sh or ao = a, and let S' be a maximal among open ao- 
invariant subalgebras of SHO(3,3). Then S' is b-invariant, hence S' + b is 
contained in a maximal among fundamental subalgebras of CSHO'(3,3) con- 
taining b. It follows that S' is contained cither in a conjugate of the subalgebra 
of type (1, 1, 2 1 1 , 1, 0), thus coincides with it by maximality, or in a conjugate Su 
of the subalgebra of type (1, 1, 1|1, 1, 1). As we noticed in Remark \2. 381 Su is 
conjugate to the subalgebra of principal type by an automorphism ip = cxp(arf a) 
for some a 6 a. Since S' is a-invariant, >p(S') — S', therefore S' is contained 
in the intersection of Sjj with the graded subalgebra of principal type, i.e., it 
is contained in the graded subalgebra of SHO(3, 3) of type (2, 2, 2|1, 1, 1), thus 
coincides with it by maximality. □ 



3 Maximal open subalgebras of H(2k,n) 

Let pi, . . . ,pk, qi, . . . , qk be 2k > even indeterminates and £i, . . . , £„ be n 
odd indeterminates. Consider the differential form u> = 2^2 i=l dpi A dqi + 
Y]- i d^idd-i+i. The Hamiltonian superalgebra H(2k, n) is the Lie superalge- 
bra defined as follows [TH) : 

H(2k, n) = {X e W(2k, n) \ Xu = 0}. 

Let us consider the Lie superalgebra A(2fc, n) with the following bracket: 

Then the map 



k 



A(2fc,n) — > H(2k,n) 



— ^ dpi dqi dqi dpi d& d£, n -i+i 

defines a surjective homomorphism whose kernel consists of constant func- 
tions (cf. 10, §1.2]). We will therefore identify H(2k,n) with A(2fc,n)/Cl 
with bracket l|3. ljl . Let us fix the maximal torus T — (piQi, £j£n—j+l I i — 
l,...,fc, j = l,...,[n/2]> ofF(2fe,n). 

Remark 3.1 The Z-grading of type (a\, . . . ,a,2k\bi, ■ ■ ■ ,b n ) oiW(2k,n) induces 
a grading of H(2k, n) if and only if the differential form lj is homogeneous in 
this grading (cf. [T^]L 

The Z-grading of type (1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) of W{2k, n), with 
t 2's and t zeros, induces an irreducible grading on H(2k,n) for every t such 
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that < t < [§], where g = spo(2k,n - 2t) <g> A(t) + W(0,t) and Q-i = 
C 2k ' n ~ 2t (g) A(t). One can check that when t > 0, [fl-i, ^ thus it coincides 
with g_2 by Remark 11.131 Besides, property (iii)' of Proposition ll.llf M is 
satisfied. Therefore the subalgebras Ylj >0 H(2k, n)j of H(2k, n) corresponding 
to the gradings of type (1, . . . , 1|2, . . . , 2,1, . . . , 1, 0, . . . , 0), with t 2's and t zeros, 
for < t < [§] , are maximal open subalgebras of H(2k, n). 

The Z-grading of H(2k,n) induced by the principal grading of W(2k,n) is 
also called principal. The Z-grading induced on H(2k, 2h) by the Z-grading of 
type (1, . . . , 1|2, . . . , 2, 0, . . . , 0), with h zeros, is called subprincipal. 

Remark 3.2 The Z-gradings of H(2k, 2h) of type (1, . . . , 1|2, . . . , 2, 0, . . . , 0) 
and (1, . . . , 1|2, . . . , 2, 0, 2, 0, . . . , 0), with h zeros, are not conjugate by an ele- 
ment of G, but are conjugate by an outer automorphism. 

Example 3.3 Let us identify L = H(2k,n) with A(2fc,n)/Cl. Let V be the 
n-dimensional odd vector space spanned by £i , . . . , £ n , with the bilinear form 
teiCi) = $i,n-j+l- Let us fix a subspace U of V and let us repeat the same 
construction as in Example 12.241 

We define a valuation on A(2fc,n)/Cl with values in Z + by letting 

v ip%) = K%) = i; 

u(x) = 2 for x e U°; v{x) = for x G (U )'; 
v(x) = 1 for x e U 1 ] v{x) = for x G (U 1 )' . 
Consider the following subspaces of L: 

Lj{U) = A(2fc,n)/Cl | v{x) > j + 2} + A(([/ 1 )')/C1 for j < 0; 

Lj{U) = A(2fc,n)/Cl | v(x) > j + 2} for j > 0. 

These subsets define, in fact, a filtration of H(2k, n) for every subspace U of V, 
as one can verify using the definition of bracket l|3.1[) . Notice that this filtration 
has depth 1 if and only if U is non-degenerate, including U = 0. 

Let us denote by s the dimension of U and by Sj the dimension of U l for 
i = 0,1. Then GrL = H(2k,n - r\) ® K{r x ) + H(0,n) with respect to the 
grading of type (1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) of H(2k, n — ri), with sq 2's 
and So zeros, where r± = n — 2sq — si = dim(/7 1 )', and deg(r) = for every 
r G A(ri). This is an irreducible grading of H(2k, n — r\) for every choice of U 
(cf. Remark |3.1[) . and, by Corollary 1 1.1 21 Lq(U) is a maximal open subalgebra 
of L. 

Let us consider the standard ideal Iu = (pi, • • • ,Pk-> 9ij • • • j Ik, U) of A(2k, n). 
Notice that I u = {x G A(2fc,n)/Cl | u(x) > 1}. It follows that L {U) stabilizes 
Iu hence, due to its maximality, L (U) is the standard subalgebra of H(2k,n) 
corresponding to the ideal Iu ■ 

Remark 3.4 Lq(U) is a maximal graded subalgebra of L if and only if U is a 
coisotropic subspace of V. 
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Remark 3.5 If U is conjugate to a subspace of V spanned by . . . , £j t for 
some i\, . . . ,it, then [/ is stable under the action of the maximal torus T. It 
follows that in this case L (U) is regular. If n is odd, then any subspace of V 
is conjugate to ,...,£<«) for some ii, . . . ,i t , and the same holds when n is 
even for any subspace of V whose non-degenerate part has even dimension. 

Remark 3.6 If n is even and Si is odd then any maximal torus of L has di- 
mension k + § and any maximal torus of GrL has dimension fc + § — 1. It 
follows that, under these hypotheses, Lq(U) is not a regular subalgebra of L. 
For example any one-dimensional non-degenerate subspace U of V gives rise to 
a maximal open subalgebra Lq(U) of H(2k, 2t) which is not regular. 

Lemma 3.7 Let us consider an ideal J — [hi, h r ) o/A(0,n). Suppose that 
hi = r/i + F and h 2 = r( x + G where T)i,r)[ are non- degenerately paired elements 
of V and F, G contain no constant and linear terms. Then J is conjugate to 
an ideal K = (r)i,r)'i, fx, /r-2) for some functions ft € A(U) where U is the 
orthogonal complement of (T)i,Tj[) in V. 

Proof. Up to multiplying hi by some invertible function we can assume that 
F does not depend on r)i, i.e., rji +F = 171 + firji + $2 where ft, f 2 lie in A(U). 
Also, we can assume that G lies in A(Ui) where Ui = (U,r)i). Notice that 
fWi + fiG nes m J-i therefore J = (ni + f% — fiG, r)[ + G, /la, . . . , h r ) where 
f% — f\G S A(Ui). Therefore, up to multiplying 771 + f% — f\G by an invertible 
function, we can write J = (r)i + F', n\ + G, /13, . . . , h r ) where F 1 6 A({7). 

Now the automorphism exp ad(n' 1 F') maps J to the ideal J' — (771 , 77^ + 
H, h' 3 , h' r ) where the h'^s lie in A(i7i) and H lies in A(Z7). Then, simi- 
larly as above, the automorphism expad(r]iH), maps J' to the ideal K — 
(r)i, r}'i, /1, /, — 2)) since H e A(J7). Since 771,771 lie in -ftf, we can assume 

fi,...,f r . 2 eA(u). ' ' □ 

Remark 3.8 Notice that if 77! 6 V is non-degenerately paired with itself, one 
can prove, arguing as in the proof of Lemma 13.71 that if the ideal J contains an 
element of the form 771 + F, then, up to automorphisms, J = (771, /1, ...,/ r _i) 
where the /i's lie in A([/), £7 being the orthogonal complement of (771) in V. 

Theorem 3.9 Let Lq be a maximal open subalgebra of L — H(2k, n). Then Lq 
is conjugate to a standard subalgebra of L. 

Proof. By Remark 1 1. 31 Ln stabilizes an ideal of the form 

J = {pi + fi,qi + hi, . . . ,p k + f k ,q k + h k) 7?i + 0i, 772 +g 2 ,---,Vr + 9r) 

for some linear functions rjj in odd indctcrminates and even functions /j, h t and 
odd functions gj without constant and linear terms, and this ideal is maximal 
among the Lo-invariant ideals of A(2k,n). As in Lemma 12.291 we can assume 
fi, hi and g 3 in A(0, n). 

Note that the automorphism exp(ad(qi fi)) maps J to Ji = (pi, gi + /ii,j>2 + 
/2, 52 + h' 2) . . . ,pk + f' k ,qk + K,ni + gi, 772 +g' 2 ,...,i] r + g' r ). As above we can 
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assume h[ independent of all even variables. It follows that the automorphism 
expad(-pih[) maps J x to J 2 = (pi, qi,P2 + f% > Q2 + K, ■ ■ ■ ,Pk + f k ,qk + h' k \ r li + 
9\ > i}2 +92, ■ ■ • ) Vr + flr' )■ The same arguments applied to all generators pi + f" 
and qj + h" show that J is in fact conjugate to the ideal 

I = (pi,P2, ■ ■ • ,Pk,qi, ■ ■ ■ ,Qk,Vi +h,r)2 +£2,---,r)r + 4) 

where 771 , . . . , rj r are linearly independent vectors in V and l\ , . . . , 4 are func- 
tions in A(0,n) without constant and linear terms. Since from now on we shall 
work only with odd indeterminates, with an abuse of notation we shall simply 
write 

1= (Vl +h,1)2 +ll,...,r)r + 4)- 

Let U = (771, . . . , 7] r ) C V. Let U° = (v\, . . . , v s ) be the kernel of the 
restriction of the bilinear form (•,•) to U. Then, as in Example 13.31 U = 
U° U 1 where U 1 is a maximal subspace of U with non-degenerate metric. 
Then, by Lemma 13.71 and Remark 13.81 I = (U 1 , v\ + t-y, . . . , v s + i s ) where 
h,...,£ s E A((C/ 1 )- L ). In particular, {U 1 ) 1 - contains U° and a subspace (U )' 
non-degenerately paired with U°. Let (U )' = . . . , v' s ) with (^, v'A — Si.j. 

Now, if £ i = for every i — 1, . . . , s, then / is standard. Suppose that at 
least one of the £j's is not zero, i.e., 

I = {U X ,Vl, . . .,V k -l,Vk +£k,---,V S + £s) 

with k — min{i = 1, . . . , s \ £j ^ 0}. 

Denote by I' the ideal I 1 = (ui, . . . , Vk-it v k + £k, ■ ■ ■ , v s + £s) C Then, 
each function / in Lq (thus stabilizing I) stabilizes the ideal K = (I, [/',/']). 
Indeed, for every g,h £ I we have: 

[/, [g,h}} = [{f,g},h]±[g, [f,h]]e [/,/'] 

and [/,/'] C K since every generator of I' is orthogonal to U . Notice that 
K is generated by the generators of I and by the brackets between every pair 
of generators of I'. Therefore K is a proper ideal of A(0,n) since among its 
generators there is no invertible element. By the maximality of / among the 
ideals stabilized by Lq we have I = K . 

We first show that the function £k can be made independent of . . . , v' k _ x . 
Indeed, let Uk + £k = Vk + v' x <$>\ + $2 where <f>t,<f>2 do not depend on v[. Then 
01 = [i>i,i>a+4] G i 1 ', 1 '} C K = 1, thus / = (U 1 ,U 1 ,...,V k - 1 ,V k + <j>2,V k+1 + 
£k+i, ■ ■ ■ ,v s + £ s ), where 2 € A((U 1 ) ± ) does not depend on v' x . Arguing in the 
same way with the variables v' 2 , ■ ■ ■ , v ' k -\ w e get 

I = (U 1 ^!, . . . , V k -i,U k + (j),V k +l +4+1, • • • ,Vs +4) 

where <j> does not depend on!/ lr ..,^_j. 

Besides, multiplying v k + <j> by an invertible function, we can assume that 
<p does not depend on v k . Now we can write <f> — v' k ipi + ^2 with ipi , ^ not 
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depending on v[, . . . ,u' k . Therefore, applying the automorphism exp(ad(u k ip2)) 
to /, we can assume ^2 = 0. Then ipi = \j2{v k + <p, v k + </>}£ [/', I'] C K = I. 
Therefore 

/ = (U 1 ,!/!, . . . , +4+1, ■ • • , v r + £ r ). 

Arguing as above for £k+i> ■ ■ ■ >&rt we en d up with a standard ideal. □ 

Theorem 3.10 All maximal open subalgebras of L = H(2k,n) are, up to con- 
jugation, the following: 

(a) ifn = 2/i + l: 

(i) the li-graded subalgebras of type (1, . . . . 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with t 
2 's and t zeros for < t < h; 

(ii) the regular (non-graded) subalgebras Lq(U) constructed in Examvle 13.31 
where U is not coisotropic; 

(b) ifn = 2h: 

(i) the TL-graded subalgebras of type (1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with t 
2's andt zeros for § <t<h, and the Z-graded subalgebra of type (1, . . . , 1|2, . . . , 2, 
0, 2, 0, . . . , 0) with h zeros; 

(ii) the regular (non-graded) subalgebras Lq(U) constructed in Examvle \3.3l 
where U is not coisotropic and dim U 1 is even; 

(Hi) the non-regular subalgebras Lq(U) constructed in Examvle \3~3\ where dimt/ 1 
is odd. 

Proof. By Theorem 13.91 every maximal open subalgebra of L is conjugate 
to the standard subalgebra of L stabilizing the ideal Iu of A(2fc, n), for some 

subspace U = (p 1 , . . . ,p k , qi, . . . , qk, U) of J2i=i ( C Pi + ) + Y%=i C > wn ere U 
is a subspace of V. Then the statement follows from Example 13.31 and Remarks 

OE3IE31andEni □ 

Corollary 3.11 All irreducible Z-gradings of H(2k,n) are, up to conjugation, 
the TL-gradings of type (1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with t 2's and t zeros, 
for t = 0, . . . , [§], and the Z-grading of type (1, . . . , 1|2, . . . , 2, 0, 2, 0, . . . , 0) with 
n/2 zeros if n is even. 

We recall that DerH(2k,n) = H(2k,n) + CE where E = Ei=i(ft^7 + 
q%-§-) + Y^j=i £ig§~ 1S ^he Euler operator (cf. Proposition ll.Sfl . We now aim to 
classify all fundamental maximal subalgebras of DerH(2k, n). 

Remark 3.12 All members of the filtration 

H(2k, n) = L_ d (U) D ■ ■ O L (U) D... 
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of H(2k, n), constructed in Example 13. 31 are invariant with respect to the Eulcr 
operator, for every choice of the subspace U. It follows that we can construct a 
filtration 

DerL = L'_ d {U) D---D L' (U) D ... 

of DerL by setting L' k (U) = L k (U) for every k ^ 0, and L' (U) = L (U) + CE. 
Then the completion of the graded Lie superalgebra associated to this filtration 
is isomorphic to H(2k, n — r\) <g) A(ri) + H(0, ri) + C(Ei + E 2 ), with respect to 
the grading of type (1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) of H(2k, n — ri), with Sq 
2's and sq zeros, where sq and r\ are defined as in Example 13.31 and where E\ 
and E2 are the Euler operators of H(2k,n — r\) and H(Q,ri), respectively. It 
follows that L' Q (U) is a fundamental maximal subalgebra of DerL. By Remark 
13.31 this is, in fact, the standard subalgebra of DerL stabilizing the ideal Iy = 

(pi,---,Pk,qi,---,qk,U). 

Remark 3.13 The proof of Theorem 13.91 works verbatim if we replace L = 
H(2k,n) with DerL = H(2k,n) + CE. Therefore, every fundamental maximal 
subalgebra of DerL is conjugate to a standard subalgebra. 

Theorem 3.14 Let L = H(2k,n). Then all maximal among E-invariant sub- 
algebras of L are, up to conjugation, the maximal open subalgebras of L listed 
in Theorem \3.1IA 

Proof. By Remark 13.131 every fundamental maximal subalgebra of DerL is 
conjugate to a standard subalgebra. Therefore, by Remark |3.12l all maximal 
fundamental subalgebras of DerL are, up to conjugation, the subalgebras Lq + 
CE, where Lq is one of the maximal open subalgebras of L listed in Theorem 
13.101 Let 5*o be a maximal among open E- invariant subalgebras of L. Then 
Sq + CE is a fundamental maximal subalgebra of DerL. Hence the thesis. □ 

4 Maximal open subalgebras of KO(n, n + 1) 
and SKO(n,n + l;/3) 

Let xi, . . . , x n be n even indeterminates and £1, . . . , £ n , £ n +i — r be n + 1 odd 
indeterminates. Consider the differential form f2 = dr + X)"=i(£ i ^ a ' i + x id£i)- 
The odd contact superalgebra is defined as follows (P): 

KO(n, n + 1) = {X G W(n, n + 1) | XQ = fil, f e A(n, n + 1)}. 

It is a simple Lie superalgebra for every n > 1. 

Define the following bracket on A(n, n + 1) (cf. §1.4]): 

(4 ,) „,„ . (2 _ E)/ |£ +( _ 1F <^ (2 _ E)9 _g, g | + (-ir<«|^) 
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where E = Ylt=i( x i'dx : + £«cf~) ^ s the Euler operator. Then the map 
p : A(n, n + 1) — ► KO(n, n + 1), 

M} . x, : = ,2 - - <-ir«| B -t^m + <- 1) ' </, l^ ) 

is an isomorphism between KO(n, n+1) and A(n, n + 1) with reversed parity. 
We will therefore identify KO{n 1 n + 1) with A(n, n + 1) with reversed parity 
and fix its maximal torus T = (r, | i = 1, . . . , n). 

Remark 4.1 Bracket flU satisfies the following rule: 

[f,gh] = [f.,g}h+(-l)^ x f^g[f,h}-2(-ir^^gh. 

It follows, in particular, that an ideal I = (/i, . . . , f r ) of A(n, n+1) is stabilized 
by a function / in KO(n, n+1) if and only if [/, /,] lies in I for every i = 1, . . . , r. 

Besides, if / is an odd function independent of r, then ip = exp ad(f) is 
an automorphism of A(n, n+1) with respect to both the Lie bracket and the 
usual product of polynomials. It follows that a subalgebra Lq of KO(n,n + 1) 
stabilizes an ideal I = (/i, . . . , f r ) of A(n, n+1) if and only if the subalgebra 
<p(Lo) stabilizes the ideal J = (<p(fi), ■ ■ ■ ,<p(f r ))- 

For e C let div p := A + (E - n(3)-§p, where A = J27=i aikil is the odd 
Laplace operator, and let 

SKO'(n,n + l;f3) = {/ e A(n,n + 1) | div p (f) = 0} =: A^(n,n+ 1) 

(cf. QH, Q71 Example 4.9], QUI §1.4]). 

Remark 4.2 If /, g E A(n, n+1), then: 

div ([f,g}) = X f (div (g)) - (-iy( x fM x ^X g (div (f)). 

It follows that the function divp : KO(n,n + 1) — * A(n,n + 1) is a divergence 
(see Definition 12.41) . Therefore SKO'(n,n + l;/3) is a subalgebra of the Lie 
superalgebra A(n, n+1) with bracket 1)4. According to Remark 12.61 

SKO'{n, n+l;0) = S'KO(n, n + 1) = {X G KO(n, n + 1) \ Xlu p = 0} 

where is the volume form attached to the divergence divp. 

Let SKO(n, n + 1; (3) denote the derived algebra of SKO'(n, n + 1; /3). Then 
SKO(n, n + 1; /3) is simple for n > 2 and coincides with SKO'(n, n+1; (3) unless 
13 = 1 or = S-f. The Lie superalgebra SKO(n, n + 1; 1) (resp. SKO{n, n + 
l;(n — 2)/n)) consists of the elements of SKO'(n, n + 1; 1) (resp. SKO'(n, n + 
1; (n — 2)/n)) not containing the monomial t£i . . . £ n (resp. . . 

Since the Lie superalgebra KO(l,2) is isomorphic to the Lie superalgebra 
W{1, 1) (cf. |171 Remark 6.6]), and since SKO(n,n + 1; P) is simple for n > 2, 
when talking about KO(n, n+1) and SKO(n, n+ 1; P) we shall assume n > 2. 
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Remark 4.3 The Z-grading of type (1, . . . , 1|0, . . . ,0, 1) of W(n,n+1) induces 
on KO(n, n+1) (resp. SKO(n, n+1; (3)) a grading of depth 1 which is irreducible 
by Remark ll.131 This grading is called the subprincipal grading of KO(n, n + 1) 
(resp. SKO{n,n + l;iS)). 

The Z-grading of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2) of W(n, n + 1), 
with t+1 2's and t zeros, induces, for every t = 0, . . . , n— 2, an irreducible grading 
on g = KO{n, n + 1) (resp. SKO(n, n+l;/3) for (t, 0) ^ (n - 2, (n - 2)/n)) 
where go is isomorphic to the Lie superalgebra cP{n — t)® A(t) + W(0, t) (resp. 
P(n - t) <g> A(i) + W(0,£)), fl-i is isomorphic to C n-t l" - ' ® A(t) and cj_ 2 is 
isomorphic to C A(t). When g = SKO(n, n + 1; (n. — 2)/n) and i = n — 2, g 
does not contain the element £i . . . £„, and the grading is irreducible if and only 
if n > 2. These gradings satisfy the hypotheses of Proposition !! . 1 li b) . therefore 
the corresponding graded subalgebras of KO(n, n + 1) and SKO(n,n+l; (3) are 
maximal. 

The grading of type (1, . . . , 1|1, ...,1,2) is called the principal grading of 
KO(n, n + 1) (resp. SKO(n, n + 1; /?)). 

Remark 4.4 The Z-grading of type (1, 2, . . . , 2|1, 0, . . . , 0, 2) of W(n, n + 1) 
induces on KO(n, n + 1) (resp. SKO(n, n+1; (3)) a grading which is not irre- 
ducible. In fact the corresponding subalgebra JIj^oSj °^ KO{n,n + 1) (resp. 
SKO(n, n + 1; (3)) is contained in the subalgebra of type (1, . . . , 1|0, . . . , 0, 1). 

Remark 4.5 The subspaces CI, Cxj, C^ . . . ^ , Cx^j^ ■ ■ ■ £j h , with k ^ 
ji, ■ ■ -,jh, C£ n <g> T, and Cx k £ :jl ...£,■„ <S> T with k ^ j 1 , . . .,j h , are T- 

weight spaces of KO(n, n + 1). 

Remark 4.6 Let L — KO(n,n + 1). Then the graded subalgebra Lk of L of 
type (1, . . . , 1, 2, . . . , 2 |1, . . . , 1, 0, . . . , 0, 2) with n— fc+1 2's and n—k zeros, is, for 
every k — 1, . . . ,n, the standard subalgebra Ljj of L stabilizing the ideal In = 
(xi, . . . , x n , £xi . . . , r). Indeed, for every k, L k C L;y since Lj. is contained in 
the graded subalgebra of W(n,n + 1) of type (1, . . . , 1|1, . . . , 1, 0, . . . , 0, 1) with 
n — k zeros, which stabilizes ljj (cf. the proof of Theorem 12. 3|) . Since, for every 
fc 7^ 1, Lk is a maximal subalgebra of L (cf. Remark |4.3[1 . Lk = L\j. 

Now suppose k — 1. Notice that Ljj contains the standard torus T of 
KO(n,n + 1), hence it is regular and decomposes into the direct product of 
T-weight spaces. The subspace S =< 1, x%,£i > <g>A(£2, ■ ■ • , £n) is a T-invariant 
complementary subspace of the subalgebra L\ and, according to Remark 14.51 
the subspaces CI, . . . £j h , Cxi^ . . -£i h , with 1 ^ i\ ^ • • • ^ i^, are one- 
dimensional T-weight spaces. Therefore, in order to prove that Ljj C L\, it 
is sufficient to show that no element of S lies in Ljj. Notice that Ljj con- 
tains the elements X2, ...,x n but it does not contain the elements l,Xi,£.; for 
any i = 1, . . . , n. Since , £ 4l . . . £ ih ] = -f ia . . . £ i& and [x^ , a:^ . . . = 
—Xj^i 2 ■■•£i h , it follows that S 1 is contained in the T-invariant complementary 
subspace of therefore Ljj C Li, hence = L\. 

Likewise, the graded subalgebra of L of type (l,...,l|0,...,0,l)is the stan- 
dard subalgebra of L stabilizing the ideal (x\, . . . , x n , r). 
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Example 4.7 Throughout this example we shall identify KO(n,n + 1) with 
A(n, n + 1) as described at the beginning of this paragraph. On A(n, n + 1) we 
define a valuation with values in Z + by setting: 

i/(acj) = 1, Ufa) = 0, £=1, ...,n, i/(r) = 0, 

(see Remark l2.23|) . Consider the following subspaces of KO(n, n + 1): 

Li = {/ G A(n, n+1) | > £ + 1} + A(r) for i = -1, 0; 

Li = {/ 6 A(n, n + 1) | > i + 1} for £ > 0. 

Using commutation rules l|4.1(l one can check that the subspaces Li define in 
fact a filtration of KO(n, n + 1) of depth 1 whose associated graded superalgebra 
GrL has the following structure: 

Gr_ 1 L = A(6,... > e„,r)/A(T); 

Gr Q L = (x t ) <g> A(a, • ■ • ,£n,T) + A(r); 
Gr J -£=(/GC[[x lj ...,a n ]] | deg(/) = j + 1) ® A(&, . . . ,f n ,r) forj>l. 
It follows that GrL ^ ffO(n, n) ® k(rj) + + C(E - 2 + 2r/^) with respect 
to the grading of type (1, . . . , 1|0, . . . , 0) of HO(n, n), where E — Yl7=i( Xi ^ + 
&^|t)j anc i deg(?7) = 0. Since this grading is irreducible (cf. Remark f2.34|) and 
satisfies property (Hi)' of Proposition I1.11T 6'). Lq is a maximal subalgebra of 
KO(n, n + 1) by Corollary [Till 

Note that the subalgebra Lq stabilizes the ideal Ijj = (x\, . . . ,x n ) of A(n, n), 
hence, due to its maximality, Lq is the standard subalgebra of KO(n,n + 1) 
corresponding to the ideal Ijj . 

Example 4.8 Throughout this example we shall identify KO(n,n + 1) with 
A(n, n + 1) as above. Let us fix an integer t such that 1 < t < n and let us 
define a valuation on A(n, n + 1) by setting: 

v(xi) = 1, = 1, for £ = 1, ... , t; 

v(t) — 0, v(xi) — 2, J/(^i) = 0, for i = t + 1, . . . , n. 
Consider the following subspaces of KO(n, n + 1): 

Li(t) = {/ e A(n, n + 1) | v(f) > i + 2} + A(r) for £ < 0; 

Li(t) = {/ G A(n, n+1) | v(f) > i + 2} for £ > 0. 

Using commutation rules (|4.1() one verifies that the subspaces Li(t) define in fact 
a filtration of KO(n, n + 1). This filtration has depth 1 if t — n, otherwise it has 
depth 2. We have: GrL ^ HO(n,n)®A(r])+C-§-+C(E-2+2r)-§-) with respect 
to the grading of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) of HO(n, n), with n — t 
2's and n — t zeros, and deg(?y) = 0. Since this grading is irreducible for every 
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t = 2, . . . , n (cf. Remark l2.34[) and satisfies property (Hi) 1 of Proposition !! . 1 li b) . 
by Corollary II . 1 21 Ln (t ) is a maximal (regular) subalgebra of KO(n,n + 1) for 
every t = 2, . . . ,n. On the contrary, the subalgebra Ln(l) is contained in the 
subalgebra Lq of KO(n,n + 1) constructed in Example 14.71 hence it is not 
maximal. 

Note that Lo(t) is contained in the graded subalgebra of W(n,n + 1) of 
type (1, . . . , 1|1, . . . , 1, 0, . . . , 0) with n + t l's, therefore it stabilizes the ideal 
lu = (xi, ■ ■ ■ ,x nf £i, . . . of A(n, n+1). It follows that, for every t — 2, . . . , n, 
L (t) is the standard subalgebra of KO(n, n + 1) corresponding to the ideal Iy, 
due to its maximality. 

Likewise, Lo(l) is the standard subalgebra Lu x of KO(n,n + 1) stabilizing 
the ideal Iu x — [x\, . . . , x n ,£\). Indeed, Lu x contains the standard torus T of 
KO(n,n + 1), hence it is regular and decomposes into the direct product of 
T- weight spaces. By definition Lu t contains the elements 1, X2, ■ ■ ■ , x n and does 
not contain the elements x\ and £j for any j = 1, . . . , n. Notice that Gr<o£ := 
L„ 2 (l)/io(l) = ((1, x i,^i) ® A(£ 2 , ■ ■ ■ , £ n , t))/A(t). Then the same arguments 
as in Remark |4~B1 show that no element in (1, X\, £i) ® A(£ 2 , ■ ■ ■ , £n))/<Cl lies in 
Lu x ■ Now suppose that an element of the form ^ . . . £ ik T+ip lies in Lu 1 for some 
<p £ A(n, n), where by A(n, n) we mean the subalgebra of A(n, n+1) generated 
by all even indeterminates and by the odd indeterminates except r. Then Lk 1 
contains the element [1, £ ix ... £i h T+(p] = ±2^ . . . and this is a contradiction. 
Therefore Lu t cannot contain any element of the form ^ . . . £j fe r + ip for any 
function ip G A(n, n) and, similarly, it cannot contain any element of the form 
xi£,i 1 ■ ■ - ii k T + ip for any i\ ^ • • • ^ «/. ^ 1 and any function ip £ A(n,n). By 
Remark ^21 it follows that Lu x is contained in Lq(1), hence Lu ± — Lq(1). 

Remark 4.9 Let 1 < i < j < n. Then the change of indeterminates that leaves 
t invariant and exchanges Xi with Xj and £i with £j, preserves the form fi. 

Remark 4.10 Let ?; = + • • • + o/-i k £,i k for some k < n, with a;. € C, 

ai j ^ 0. According to Remark 14.91 up to changes of variables, we can assume 
rj = ai^i + • • • + afc£fc with m ^ for % = 1, . . . , k. Then the following change 
of indeterminates preserves the form fi: 

Zi = v 
? 2 = 6 



Xfc — X^ 

X^ — Xi 

Theorem 4.11 Let Lq be a maximal open subalgebra of L = KO{n,n + 1). 
Then Lq is conjugate to a standard subalgebra of L. 

Proof. By Remark 1 1. 31 Ln stabilizes an ideal of the form 

J = (xi + fi, ■ ■ ■ , x n + f n , ryi + gi, . . . , r) s + g 8 ) 



— X\ 

X2 - ■ 



L xi 



& = & yi>k. 
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for some linear functions r/j in odd indeterminates, and even functions fi and 
odd functions gj without constant and linear terms, and J is maximal among 
the Lo-invariant ideals of A(n, n + 1). 
We distinguish the following two cases: 

Case 1: r/i lies in A(£i, . . . , £„) for every i — 1, . . . , s. By Remark |4.1UI up to 
changes of indeterminates, we have: 

J = (xi+F 1 ,...,x n +F n ,Z 1 + G 1 ,...,£ B + G a ) 

for some even functions Fi and odd functions Gj without constant and linear 
terms, where the functions G/s are independent of £i,...,£ s , for every j — 
1, . . . , s and where, since the ideal J is closed, we can assume the functions Fi 
and Gi independent of all even indeterminates, i.e., Fi,Gi <E A(0,n + 1) (cf. 
Lemma 

Suppose that x\ + F\ = x\ + £iF{ + F" with F[ and F" independent of £i. 
Then we can replace x\ + Fi by x\ + F\ — (£i + G\)F[ = x\ + Hi with Hi 
independent of £i. Similarly we can make every function Fi independent of £j 
for every j = 1, . . . , s. 

Now suppose x\ + F\ = xi + rcpo + ipi with ipg and ipi independent of 
t. Notice that, although the map ad(T^iipo) is not a derivation of A(n,n + 1) 
with respect to the usual product, the map ip :— ad(T^ 1 </? ) + 2£,iip Q id is a 
derivation, as one can verify using Rcmark l4.ll Thus exp(-0) is an automorphism 
of A(n, n+ 1) with respect both to bracket l|4.1|l and to the usual product. Notice 
that exp(^)(xi +Fi) = xi + $i for some function $i independent of r. Thus, up 
to automorphisms, we can assume F\ and, similarly, every function Fi, for every 
i = 1, . . . , s, independent of r. As a consequence, the map exp(ad(— £i-Fi)) is 
an automorphism of A(n, n + 1), mapping J to the ideal 

/ = ( Xl ,x 2 +F^,...,x„ + F' n , £i + Gi, . . . + G s ). 

Arguing in the same way for every function _Fj with 1 < j < s, we have, up to 
automorphisms, 

I = (xi, ■ ■ ■ , x s , x s+ i + h s+ i, . . . ,x n + h n , + Gx, ■ ■ ■ j £ s + G s ) 

for some functions h s+ i, . . . , h n £ A(^ s+ i, . . . , £„, r). 

Suppose Gi = rpo + pi with po 7 p\ independent of r. Then cxp(ad(a;iT/9o) + 
2xipoid) is an automorphism of A(n, n + 1) mapping the ideal / to 

I' = (xi, . . . ,x s ,x s+ i + h s+ i, ...,x n + h n ,£i + pi, ^ 2 + G' 2 , . . .,is + G' s ) 

where pi is independent of r. Arguing in the same way for every function Gj 
we can assume, up to automorphisms, that 

/ = (xi, . . . ,x s ,x s+ i + h s+1 , ...,x n + h n ,£i+pi,...,£ s + p s ) 

where pj lies in A(£ s+ i, . . . , for every j. It follows that the map exp(a<i(— Xipi)) 
is an automorphism of L sending the ideal / to the ideal 

Y = (xi, . . .,x s ,x s+ i + h' s+1 , ...,x n + h' n ,£,i,£, 2 + p' 2 , ■ ■ ■ ,6 + Ps)> 
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for some functions h\ E A(£ a+ i, . . . , £„, t), p'j G A(£ s+ i, . . . , £ n ). Analogous 
automorphisms yield to the ideal 

Y' = (xx, . . .,x s ,x s+1 + h" +1 , ...,x n + hn,£i,.. .,£,), 

for some functions h" G A(£ s+ i, . . . , £„, t). 

Let h" +1 = £ a +iipi + 4>2 for some ^i,^ independent of £ s +i- By the same 
argument as above we can assume ip2 independent of r and, applying the au- 
tomorphism cxp(ad(^ s +i , 02))j we can assume ip2 = 0. Now the proof can be 
concluded as in the case of the Lie superalgebra HO(n,n) (cf. Theorem I2.41|) . 
Namely, let Y" — (x s+ i + h s+ i, . . . ,x n + h n ) C Y' . Then, each function / in 
L (thus stabilizing Y) stabilizes the ideal K = (Y', [Y" , Y"]), i.e., the ideal 
generated by the generators of Y' and by the commutators between every pair 
of generators of Y". Indeed, for every g,h G Y" we have: 

[f,[9,h}] = [{f,g],h]±[g,[f,h]]€[Y',Y"} 

and [Y 1 , Y"] C K. Notice that if is a proper ideal of A(2fc + 1, n) since among 
its generators there is no invertible element. By the maximality of J among the 
ideals stabilized by Lq we have Y 1 = K . 

Now l/2[z a+ i+&+iVi,a; a+ i+& + i^] = -ik+ts+W G [Y",Y"] cK = Y', 
therefore (ipi — £ s +i<£>)£ s +i = 4>i£,s+i lies m Y'. It follows that 

y' = fai, ■ ■ .,X s ,X s+ i,X a+ 2 + h' s+2 , ...,X n + k' n ,£i,£2, . . . ,£,). 

Arguing in the same way for every function h'j, we end up with a standard ideal. 

Case 2: there exists one i such that r\i = r + r\ with r\ G A(£i, . . . , £n), i.e., 
up to changes of indeterminates, 

J = fi,---,x n + f n ,^x +51, . . • ,6-1 + .95-1,1" + ry s 

for some linear function r/ s in A(£i, . . . , £ n ), and even functions /j and odd 
functions without constant and linear terms. We can assume fi,gj and rj s in 

A(6,...,e„). 

Besides, arguing similarly as above and as in the proof of Theorem l2.41l one 
shows that, up to automorhisms, 

J = (xi, . . . , X a -l,X s +h a ,...,X n + h n ,£l, ■ ■ ■ ,£s-l,T + T) s + H) 

for some functions h il rj s , H G A (6, . . . , £„). 

(i) Suppose r) s = 0. Denote by J' the ideal J' = (x s + h s , . . . , x n + h n , r + 
i?) C J. Then, each function / in Lq (thus stabilizing J) stabilizes the ideal 
K = (J, [J', J']), i.e., the ideal generated by the generators of J and by the 
commutators between every pair of generators of J'. Indeed, for every g,h G J' 
we have: 

[/, [g,h]} = [[f,g],h]±[g,[f,h]} G [J, J'] 
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and [J, J'] C K. Notice that if is a proper ideal of A(n, n + 1) since among its 
generators there is no invertible element. By the maximality of J among the 
ideals stabilized by Lq we have J = K. 

Suppose that h s = 6^1 + ip2 with ip\ and ^2 independent of 6- Then 
applying the automorphism exp(ad(— 6^2)) we can assume 

J = (aci, . . . , x s _i, x s + 6V>i, x s +i + . . • , + h' n , 6, 6, • • • , 6-1. T + H ')- 

Now ipi = -l/2[x s+1 + 6+1^1)^+1 + 6+iV>i] € [J', J'] C if = J, therefore 

J = (Xl, . . . ,X a -!, X s ,X s+ i + h' a+l , ...,X n + /4, £l } £2) ■ • .,£ s _l,T + i?')- 

Repeating a similar argument for every function K'a and, finally, for the function 
H', we end up with the standard ideal J = (x%, . . . , x n , £1, 6, ■ ■ ■ , 6— 1, r )- 
(ii) If rj s ^ 0, by Remark I4.1UI we can assume: 

J = (xi, . . .,x s -!,x a + h a ,...,x n + h n ,£i, . . . ,6-1,7" + 6 + 

Thus the automorphism exp(ad(x s T) + 2x a id) maps J to the ideal 

J' = (Xl, . . .,X S -!,X S +h' s ,...,x n + h' n) £i, . . . ,6-1,6 + + ii') 

where ii' is independent of r and deg(,o) > 1. In the limit, since J' is closed, 
we get the ideal 

J" = (Xl, . . . ,X s _i,X s + /l s , . . . ,X„ + hn,£l, ■ ■ • ,6-1)6 + M ) 

where M is independent of r. We thus proceed as in case 1. □ 

Theorem 4.12 All maximal open subalgebras of L — KO(n,n + 1) are, up to 
conjugation, the following: 

(i) the graded subalgebra of type (1, . . . , 1|0, . . . , 0, 1); 

(ii) the graded subalgebras of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2) with 
n — t + 1 2's and n — t zeros, for t = 2, . . . , n; 

(Hi) the non-graded subalgebra Lq described in Example \4-7\ and the non-graded 
subalgebras Lg(t) described in Example \4 ■ M\ for t — 2, . . . , n. 

Proof. Let Lq be a maximal open subalgebra of L. By Theorem l4.11l Lq is, up 
to conjugation, the standard subalgebra of L stabilizing either the ideal In = 
(xi, . . . ,x n ,£i, ■ • ■ ,6) f° r some s — 0, ■ ■ ■ , n, or the ideal I u > = (xi, . . . ,x n ,6, 
...,6)7") for some t = 0, . . . , n. The statement then follows using Remarks 14.61 
Ol IQl and Examples O EH1 □ 

Corollary 4.13 All irreducible Z-gradings of KO(n,n + 1) are, up to conjuga- 
tion, the grading of type (1, . . . , 1|0, . . . , 0, 1) and the gradings of type (1, . . . , 1, 
2, . . . ,2|1, . . . , 1,0, . . . ,0,2) witht + 1 2's and t zeros, for t = 0, . . . , n - 2. 
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We shall now focus on the Lie superalgebra SKO(n, n+l;0) introduced at 
the beginning of this section. 

Remark 4.14 The Z-grading of type (1, . . . , 1| - 1, . . . , -1, 0) of W(n,n + 1) 
induces on g = SKO(n, n + 1; 0) a Z-grading q = JJj g 3 , where 

0_i = {/ e ®lzl{x h . . . Xi J h . . . ® (1, r, $} | divp(f) = 0} 

and 

So = {/ 6 e^(x il . . . x lh Z n . . . ® (1, r, $ ) I cfe^/) = 0} + (1, r + /3$) 

where $ = X)"=i ^6- O ne can check that S = {/ € ffi^Z^Xij . . . Xi,,^ . . . £,- h+ i) 
(8>(l,r, | divp(f) — 0}, is a go-stable subspace of Notice that 5 = if 
and only if n = 2. It follows that for n > 2 the grading of type (1, . . . , 1| 
— 1, .... — 1, 0) induces on SKO(n, n + 1, (3) a grading which is not irreducible. 

Now suppose n = 2 and ^ 0. Then the Z-grading of type (1, 1 — 1, —1, 0) 
has depth 2. One has: g = sl 2 ®A(l)+W(0, 1), = C 2 ®A(1), where C 2 is the 
standard s^-module, and 0_2 = C£i£2 = [fl-i,0-i]. It follows that the grading 
of type (1, 1| — 1, —1,0) of g = SKO(2, 3; 0) is irreducible. The 0o-module 0i 
consists of the elements / S (xj,XiXj£fc)®(l, T, $) such that divp(f) = 0. Notice 
that 0i is not irreducible: it has an irreducible O -submodule S = S 3 (C 2 ) <g> A(l) 
and 0i/5 = C 2 ® A(l). Besides, for every j > 1, Qj = Q^. One can check that 
property (Hi)' of Proposition II .11( 6) is satisfied, hence rij>o0J 1S a rriaximal 
subalgebra of 0. 

Finally, if n = 2 and = the grading of type (1, 1| — 1,-1,0) has depth 1, 
hence it is irreducible by Remark 1 1.1 31 

Remark 4.15 When ^ 0,-1 the even part of the Lie superalgebra 
SKO(2, 3; (3) is isomorphic to W(2, 0) and its odd part is isomorphic to 
f}0( 2 )-7?TT ® nQ(2)-^fi (cf. Definition US). It follows that, when = 1, 
SKO(2, 3; 0)i is the direct sum of two irreducible SKO(2, 3; /?)g-submodules 
each of which is isomorphic to 0°(2) -1 / 2 (cf. ^| Proposition 5.3.4]). Therefore 
if S = SKO(2, 3; 1), then DerS = S + a with a = sl 2 (cf. [T71 Proposition 6.1], 
Proposition ll.8fl . Let e, h, / be the standard basis of a where e = ad^i&T) and 
h = adQ^ i=1 We will denote by b the subalgebra of a spanned by e and 
h. 

Remark 4.16 Let S — SKO(2,3;l). Let us denote by So the intersection 
between the graded subalgebras of S of type (1, 1|1, 1, 2) and (1, 1| — 1, —1, 0), 
and let S = S_2 D S_i D So D . . . be the Weisfeiler filtration associated to 
So, where S-i = (1, x», &(r + $)N = 1,2) + So. Then GrS is a graded Lie 
superalgebra of depth 2 where Gr S = 5(0, 2) + C-E and Gr_i5 is isomorphic, 
as a GroS-module, to the direct sum of two copies of A(2)/C1. Let V be the 
subspace of Gr_i5 spanned by the elements ^1^2 and £j(r + $) for i = 1,2. 
Then 7 is a Gr 5-submodule of Gr_i5 and r[i>o ^ r i*^ + 1^ is the graded 
subalgebra of 5 of type (1,1|1,1,2). Likewise, for every 7 G C, the subspace 
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Vy = (1 + -2zi + 76 (t + $), 2x 2 + 76 (r + $)) is a Gr 5-submodule of 

Gr-iS and Il ? >o Grj-S+Vb is the graded subalgebraof 5 of type (1, 1| — 1,-1,0). 
Notice that, for every 7 7^ 0, the automorphism cxp(^e) maps V 1 to V . It 
follows that every subalgebra 5 7 := Y[j>a GrjS + V~ ( , with 7 G C, is conjugate 
to the maximal subalgebra of type (1,1| — 1,-1,0). On the other hand, the 
grading of type (1, 1| — 1, —1, 0) is conjugate to the grading of type (1, 1|1, 1, 2) by 
the automorphism exp(e) exp(— /) exp(e). Therefore the maximal subalgebras 
of 5 of type (1,1| - 1,-1,0) and (1,1|1,1,2) lie in the same G-orbit. This 
orbit consists of the subalgebras 5 7 , with 7 G C, and of the subalgebra of 
principal type, and the intersection of any pair of subalgebras in this orbit is 
the subalgebra Ylj >0 GrjS. Notice that Ylj >0 GrjS is contained also in the 
(maximal) subalgebra of type (1, 1 1 0, 0, 1). 

Remark 4.17 If (3 ^ —1, then the subalgebra of SKO'(n, n + 1; (3) consisting 
of the elements / G (P£k, Qt \ P,Q E C[[xi, . . . , x n ]]} such that divp(f) — is 
isomorphic to W n . 

Remark 4.18 The even part of the Lie superalgebra SKO(2, 3; 0) is isomorphic 
to W(2,0) and its odd part is isomorphic to Q"(2)- 1 © fJ°(2)/Cl. The outer 
derivation D = ad(£i£ 2 ) of SKO{2 1 3; 0) can then be described as follows. Let 
p : Q°(2) -> ft°(2)/Cl be the natural projection. Then: 

D(X) = p(div(X)) if X e W(2,0); 

D(f) = df if / G r!°(2)- 1 ; 

D(f) =0 if / g O (2)/Cl. 

The image of£>is thus given by {n 1 (2) closed )~ 1 +n (2)/Cl where (n 1 (2) closed )- 1 
can be identified with 5(2,0) via contraction with the volume form dx\ A dx 2 . 

Remark 4.19 Let us describe the structure of the Lie superalgebra SKO(2, 3; 
— 1). Its even part is not simple: it has a commutative ideal consisting of 
elements in Q°(2)(t - $). We have: 

5^0(2, 3; -l)n = n°(2) >^ 5(2, 0); SKO(2, 3; -l)i = fi°(2) + f2°(2). 

Here 5(2,0) acts on each odd copy of (2) in the natural way, and the even 
functions in fl° (2) act by multiplication on one copy and by —multiplication on 
the other. 

Example 4.20 Throughout this example we shall consider the Lie superalgebra 
5' = SKO'(n, n + 1; 0) for n > 2, and we shall identify it with A /3 (n, n + 1) as 
explained at the beginning of this section. 

Notice that A (n, n + 1) C A A (n,n) ® (l,r, $), where A A (n,n) = {/ G 
A(n, n) I A(/) = 0} and $ = X)"=i x %£,%- We define a valuation v on A A (n, n) ® 
(1, t, $) (hence on A^(n, n + 1)) by setting: 

v{l) = v{t) = v{<$>) = 



50 



v{xi) = l Vi = l,...,n, u(£ h . ..&J = V k < n, ufa... £„) = -1 

and we extend it on A(0, n) by property b) in Remark l2.23l on C[[ii, . . . , x n ]] by 
properties a) and 6) in Remark l2.23l and finally on A A (n, n)<g)(l, r, $) by setting 
KE* Pi{x)Qi(OVi) = wmi(v(Pi(x)) + v(Qi(0)) where p *( x ) e C[[ii, . . . ,£„]], 
Qi(0 £ A(0, n) and ^ e (l,r, $). 

Then the following subspaces define a filtration of SKO'(n, n + l;j3): 

S5 = {/€A^(n,n + l) | > j + 1} + (1, r + if j < 0; 

S;={/£A^,n+l) | K/)>i + l} if J > 0. 

This filtration has depth 2, with Gr_ 2 S" = (&••■ £„) if y9 ^ 1 and Gr_ 2 S" = 
(£i - • • £n ., 6. • ■ ■ Cn T ) if /? = 1- In fact Gr_ 2 S" is an ideal of GrS", since for any 
,g £ Gr., 5', j > 1, and any / E Gr_ 2 S", K[/>P]) = "(flO ~ hencc [/>0] lies in 
i.e., [/,#] = in GrS". We have: 



GrS'/Gr- 2 S' S S#0(n, ra) <g> Afr?) + C— + C(£ - 2 - /3ad(&) + 2<n—) 

or) or] 

with respect to the grading of type (1, . . . , 1|0, . . . , 0) on SHO(n, n) and deg(?7) = 
0. Ilj>o G^jS' is thus not a maximal subalgebra of GrS' since it is contained 
in Y\j >0 GrjS' + Gr_ 2 S'. Nevertheless, note that, for every 0, S' is contained 
in S = SKO(n, n+ 1; /3), and Sq + C£i . . . £ n generates the whole 5*. It follows 
that, for every /? ^ 1, (n — 2)/n, since S = S", S' Q is a maximal open subalgebra 
of S. If /3 = 1 or (3 — (n — 2)/n, Sq is not a maximal subalgebra of S' but it is 
a maximal subalgebra of 5*. 

Finally, for every /3, S' — SKO(n,n + l;/3) fl where Z/o is the standard 
subalgebra of KO(n, n+ 1) constructed in Example 14. 71 It follows that Sq is the 
standard subalgebra of SKO(n, n+l;/3) stabilizing the ideal Ijj — (x±, . . . , x n ). 

Example 4.21 Let t be an integer such that 1 < t < n and let us consider 
the valuation v on A(n,n + 1) defined in Example 14.81 Consider the following 
subspaces of S' — SKO'(n, n + 1; (3): 

S'i(t) = {/ 6 A"(n, n + 1) | v(J) > i + 2} + (l,r + 0$) if * < 0, 

S<(*) = {/ G A^n, n + 1) | > i + 2} if % > 0. 

By commutation rules (|4.1I) . these subspaces define in fact a filtration of 
SKO' (n,n + having depth 2 if f ^ n and depth 1 if t = n. Then, if 

0^1, 

GTS 7 S SffO(n, ») ® A(r?) + C& . . . f„ + C— + C(# - 2 - od(#) + 277—) 
and, if /3 = 1, 



GrS*' S SHO'(n, n) ® A(r?) + C— + C(E -2-/3 ad($) + 2rj—), 

or) or] 
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with respect to the grading of type (1, 1, 2, 2|1, 1, 0, 0) of SHO'(n, n), 
with n — t 2's and n — t zeros, and deg(?7) = 0. When n > 2 these gradings 
are irreducible for every t = 2, n (cf. Remark |2.46|) and satisfy property (Hi)' 
of Proposition II . 1 if b) . Therefore, by Corollary 11.121 when n > 2, S' (t) is a 
maximal subalgebra of SKO'(n, n + 1; 0) for every t = 2, n. 

Let S = SKO(n,n+ 1;0) and let Sj(t) := S' 3 (t) n S. If ^ 1, (n - 2)/n, 
then £> = «S", hence <So(i) is, for every i = 2, . . . , n, a maximal open subalgebra 
of 5. If /3 = (n — 2)/n or (3 — 1, then the subspaces Sj(t) define a filtration of 
S such that: 

d » „ „ 9, 



or 



GVS 5FO(n, n) <g> A(r?) + C— + C(£ -2-/3 a<2($) + 2ry- 

ar? or] 



GVS S 5/TO(n, n) ® A(»j) + . . . + C— + C(£7 - 2 - j9 od($) + 27?—), 

Or] or] 

respectively, with respect to the grading of type (1, 1, 2, 2|1, 1, 0, 0) 
of SHO(n, n), with n — t 2's and n — t zeros, and deg(r7) = 0. It follows that, if 
n > 2, then So{t) is a maximal open subalgebra of S, for every t = 2, . . . , n (cf. 
Remark Oil . 

Notice that the grading of principal type of W(n, n) induces an irreducible 
grading on SHO' (n,n) also for n = 2, but it induces on SHO(2,2) a grad- 
ing which is not irreducible. It follows that S' (2) is a fundamental maximal 
subalgebra of SKO'(2, 3; 0) for every f3, but iSo(2) is a maximal subalgebra 
of SKO{2, 3; 0) if and only if ^ 0. When /3 = the subalgebra S" (2) 
of SKO(2, 3; 0) is indeed contained in the graded subalgebra of type (1, 1| 
-1,-1,0). 

Finally, note that So(t) — L n (t) n SKO(n, n+l;0) where L (t) is the subal- 
gebra of KO(n, n+1) constructed in Example l4.8l It follows that So(t) stabilizes 
the ideal Iu = {%x, . . . , x n , £i, . . . , £t) of A(n, n+1). 

Remark 4.22 Let S = SKO(n, n + 1; 0) and consider its grading of principal 
type: S = Ilj>-2 ^j- Then r acts on Sj by multiplication by j. By Remark 
ESI (C& . . . &~ ® T) n S h , and (Ca^ ■ ■ • ® T) n Sft+i with kjtji,..., j h , 
are T-weight spaces of SKO(n, n + l;0). 

Remark 4.23 The same arguments as in the proof of Theorem 12.111 show, 
by Remark 14.21 that every maximal open subalgebra of SKO(n,n + 1;0), 
SKO'(n,n+l;(3) and CSKO'(n, n + 1; 0) = SKO'(n,n+l; [3) +C<f> is regular. 

Theorem 4.24 Let S = SKO(n 1 n + 1; 0). Then all maximal open subalgebras 
of S are, up to conjugation, the following: 

(a) if n = 2 and (3 ^ 0, 1, 

(i) the graded subalgebras of type (1,10,0, 1), (1,1|1,1,2) and 
(1,1| -1,-1,0); 
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(ii) the non-graded subalgebra Sq(2) constructed in Example \4-21\ 



(b) if n — 2 and (3 = 1, 

(i) the graded subalgebras of type (1, 1 1 0, 0, 1), (1, 1|1, 1,2); 
(ii) the non-graded subalgebra Sq(2) constructed in Example \4-21\ 

(c) if n — 2 and [3 = 0. 

(i) the graded subalgebras of type (1, 1|0, 0, 1) and (1, 1| — 1,-1,0); 

(d) ifn>2, 

(i) the graded subalgebra of type (1, . . . , 1|0, . . . , 0, 1) and the graded sub- 
algebras of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2) with n — t + 1 
2's and n — t zeros, for t = 2, . . . , n; 

(ii) the non-graded subalgebra S' described in Example \4-2(J\ and the non- 
graded subalgebras So(t) described in Example \4.21\ for t = 2, . . . , n. 

Proof. Let Lq be a maximal open subalgebra of S. By Remark 14.231 Lo is 
regular. Therefore, by Remark l2.1l and Proposition [OJ we can assume that L 
is invariant with respect to the standard torus T of KO(n,n + 1). It follows 
that Lq decomposes into the direct product of weight spaces with respect to T. 
Notice that CI, Cxi, C£j x . . . £i h , Cxj^ . . . £i h , with j ^ %\ ^ ■ ■ ■ ^ i/,, are one- 
dimensional T- weight spaces (see Rem.ark l4.50 . Besides, note that the elements 
£i cannot lie in Lq since the corresponding vector fields p(£i) = fig-p + g§r are 
not exponentiable. 

Let us first assume n = 2. Wc distinguish two cases: 

CASE I: 1 does not lie in Lo- We may assume that one of the following 
possibilities occurs: 

1) No X4 lies in Lq. Then the T-invariant complement of Lq contains the T- 
invariant complement of the maximal graded subalgebra of S of type (1 , 1 1 1 , 1 , 2) , 
hence L is contained in the graded subalgebra of principal type. If [3 = then 
the subalgebra of principal type is not maximal therefore this contradicts the 
maximality of Lo. If j3 ^ then Lo coincides with the graded subalgebra of 
type (1, 1|1, 1, 2) by maximality. 

2) The elements x\,x% lie in Lo. Then the T-invariant complement of Lo con- 
tains the T-invariant complement of the maximal graded subalgebra of L of 
type (1, 1|0, 0, 1). Since L is maximal it coincides with this graded subalgebra. 

Notice that if Lo contains X2 (resp. x%) then, due to its maximality, it con- 
tains also x\ (resp. x-i). Indeed, any open regular subalgebra of S containing 
X2 and not containing 1 and x\ (resp. containing x\ and not containing 1 and 
X2) is contained in the subalgebra of type (1, 2|1, 0, 2) (resp. (2, 1|0, 1, 2)) which 
is not maximal by Remark 14.41 

CASE II: 1 lies in Lo. Since the elements £j's do not lie in Lo, the elements 
£jT + Lp cannot lie in Lo for any (p £ A(2,2), where by A(n,n) we mean the 
subalgebra of A(n, n + 1) generated by all even indeterminates and all odd 
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indeterminates except r. Indeed, by commutation rules (|4.1|) . we have: [1, &r + 
ip] = — 2£j. Note that if f3 = then the grading of type (1, 1 — 1, —1, 0) has 
depth 1 with —1-st graded component spanned by the elements fj and £j(r — $) 
for i = 1,2. It follows that if (3 = 0, then To is contained in the graded 
subalgebra of SKO(2, 3; 0) of type (1, 1| — 1, — 1, 0), thus coincides with it, due 
to its maximality. 

Now suppose (3^0. Since, for every i, Cxi is a one-dimensional weight 
space of SKO(n, n + 1; 0), we may assume that one of the following situations 
holds: 

1) No Xi lies in Lq. Then the same arguments as in Example 14.81 show that Lq 
coincides with the subalgebra So (2) constructed in Example l4.21l 

2) x%,X2 lie in Lq. Then Lq is contained in the graded subalgebra of S of type 
(1, 1| — 1, —1,0). Since Lq is maximal the two subalgebras coincide. 

Notice that if 1,X2 lie in Lq, by the maximality of Lq, also x\ G Lq. In- 
deed, any open regular subalgebra of S containing the elements 1, xi and not 
containing x\ is contained in the maximal subalgebra of type (1, 1| — 1,-1,0). 

Finally, as we pointed out in Remark |4. 151 when (3—1, the subalgebras of 
type (1, 1| — 1, —1, 0) and (1, 1|1, 1, 2) are conjugate by an element of G. 

Let us now suppose n > 2. We distinguish two cases: 

CASE I: 1 does not lie in Lq. We may assume that one of the following 
possibilities occurs: 

1) No Xi lies in Lq. Then the T-invariant complement of Lq contains the T- 
invariant complement of the maximal graded subalgebra of S of type (1, . . . , 1| 
1, . . . , 1, 2). By the maximality of Lq it follows that Lq coincides with the graded 
subalgebra of type (1, . . . , 1|1, . . . , 1, 2); 

2) the elements xt+i, ■ ■ . , x n lie in Lq for some t = 2, . . . , n — 1, and the elements 
X\, . . . , Xt do not. It follows, using commutation rules (|4.1|l . that the T-invariant 
complement of Lq contains the T-invariant complement of the maximal graded 
subalgebra of L of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2) with n-i+12's 
and n — t zeros. Since Lq is maximal it coincides with this graded subalgebra; 

3) the elements Xi lie in Lq for every i. Then the T-invariant complement of Lq 
contains the T-invariant complement of the maximal graded subalgebra of S of 
type (1,...,1|0,...,0,1). It follows that Lq coincides with this subalgebra. 

Notice that if Lq contains the elements X2,...,x n then, due to its max- 
imality, it contains also x%. Indeed, any regular subalgebra of S containing 
X2, ■ ■ ■ ,x n and not containing 1 and x\ is contained in the subalgebra of type 
(1, 2, . . . , 2 1 1 , 0, . . . , 0, 2) which is not maximal by Remark 14.41 

CASE II: 1 lies in Lq. We may assume that one of the following situations 
holds: 

1) For some t — 2, . . . ,n the elements xi, . . . , x t do not lie in L and x t +\ ,x n 
do. Then the same arguments as in Example 14.81 show that Lq coincides with 
the subalgebra Sq(€) constructed in Example 14.211 

2) x\, . . . ,x n lie in Lq. Then the same arguments as in Example 14 . 71 show that 
Lq is contained in the subalgebra S' of S constructed in Example 14.201 Since 
Lq is maximal the two subalgebras coincide. 
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Notice that if 1, X2, . . . , x n lie in Lq, by the maximality of Lq, also x\ G Lq. 
Indeed any open regular subalgebra of S containing the elements 1, x%, . . . , x n 
and not containing x\ is contained in the maximal subalgebra constructed in 
Example QUI □ 

Corollary 4.25 All irreducible 1-gradings of SKO(n,n + l;/3) are, up to con- 
jugation, the following: 

(i) the gradings of type (1, 1|0,0, 1), (1,1|1,1,2) and (1, 1| - 1,-1,0), ifn = 2, 
0fO,l; 

(ii) the gradings of type (1, 1|0,0, 1) and (1, 1|1, 1, 2) if n = 2, /3 = 1; 

(iii) the gradings of type (1, 1|0, 0, 1), (1, 1| — 1, —1, 0) if n — 2, (3 = 0; 

(iv) the gradings of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2) with t + 1 2's and 
t zeros, for t = 0, . . . , n — 2 and (1, . . . , 1|0, . . . , 0, 1), if n > 2. 

We recall that if S = SKO(n,n + l;/3) with n > 2 and ^l,(n- 2)/n, 
then DerS = S + C$ with $ = £™ =1 X&; if S = SKO{n,n + 1; (n - 2)/n) 
with n > 2, then DerS = S + C$ + C£i . . . Cn5 if S = SKO{n, n+l;l) with 
n > 2, then DerS = S + C$ + C£i . . . ^„t; finally, if S = SKO{2, 3; 1) then 
DerS = S + sl 2 (cf. Proposition Ol Remark ETT5|) . 

Theorem 4.26 Let S = SKO{n,n+ l;/3) with n > 2 and (3 ^ 1, (n - 2)/n, 
so i/iat SKO(n,n + l;/3) = SKO'{n,n+ l;j3) and DerS = CSKO'(n,n + 
l;/3). T/ien aZZ maximal among open ^-invariant subalgebras of S are, up to 
conjugation, the subalgebras of S listed in Theorem \4-%4\ ( a ) an d (d). 

Proof. Let Lq be a maximal among open ^-invariant subalgebras of S. Then 
Lo + C$ is a maximal open subalgebra of CSKO'(n, n+1; f3), hence it is regular 
by Rcmark l4.23l Then one uses the same arguments as in the proof of Theorem 
KM □ 

We shall now classify the open subalgebras of S = SL\0(n,n + 1; (n — 
2)/n) and S — SKO(n,n + 1; 1), which are maximal among the ao-invariant 
subalgebras of S, for every subalgebra Oo of a. 

Remark 4.27 By Rcmark l4.23l everv maximal open subalgebra of SKO'in. n+ 
1; j3) or CSKO'(n, n + 1; [3) is regular. Therefore the same arguments as in the 
proof of Theorem 14.241 show that all fundamental among maximal subalgebras 
of SKO'(n, n+1; (n - 2)/n) (resp. CSKO'(n, n + 1; (n - 2)/n)), with n > 2, 
are, up to conjugation, the graded subalgebras of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 
0, . . . , 0, 2), with n—t+1 2's and n—t zeros, and the non-graded subalgebras S (t) 
(resp. S (t) + C$) constructed in Example 14.211 for t = 2, . . . , n. Indeed, the 
graded subalgebra of SKO'{n, n+1; (n-2)/n) (resp. CSKO'(n, n+1; (n-2)/n)) 
of type (1, . . . , 1 10, . . . , 0, 1) and the subalgebra S constructed in Example l4.2(JI 
are not maximal, since they are contained in SKO{n,n + 1; (n — 2)/n) (resp. 
SKO(n,n + 1; (n — 2)/n) + C$). By the same arguments, all maximal among 
fundamental subalgebras of SKO'{n, n + 1; (n — 2)/n) and CSKO'(n, n + 1; (n — 
2)/n), for n > 2, are, up to conjugation, the graded subalgebra of subprincipal 
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type, the graded subalgebras of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2), with 
n — t + 1 2's and n — t zeros, the non-graded subalgebras S' (t) constructed in 
Example 14.211 for t = 2, . . . , n, and, the subalgebra S' constructed in Example 

EM 

Likewise, all fundamental among maximal subalgebras of SKO'(2, 3; 0) (resp. 
CSKO'(2, 3; 0)) are, up to conjugation, the graded subalgebra of type (1, 1|1, 1,2) 
and the subalgebra S' (2) (resp. 5*0(2) + C$). All maximal among fundamental 
subalgebras of SKO'(2, 3; 0) (resp. CSKO'(2, 3; 0)) are the graded subalgebras 
of type (1,1|1,1,2), (1, 1|0, 0, 1), (1, 1| — 1, — 1, 0) and the non-graded subalgebra 
S (2) (resp. 5 (2)+C$). 

Theorem 4.28 Let S = SKO(n, n + 1; (n - 2)/n) with n>2. 

(i) All maximal among open ^-invariant subalgebras of S are, up to conjugation, 
the maximal open subalgebras listed in Theorem \4-24\ (c) and (d). 

(ii) If do = C£i . . . £n or do = a, then all maximal among ao-invariant open 
subalgebras of S are, up to conjugation, the graded subalgebras of type (1, . . . , 1, 
2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2), with n — t + l 2's and n — t zeros, and the non-graded 
subalgebras So(t) constructed in Example \4-21\ for t = 2, . . . , n. 

Proof. One uses Remark 14.271 and the same arguments as in the proof of 
Theorem |2~T7I □ 

Remark 4.29 By Rcmark l4.23l everv maximal open subalgebra of SKO'(n, n+ 
1; (3) or CSKO'(n, n+1; (3), for every n > 2, is regular. Therefore the same argu- 
ments as in the proof of Theorem l4.24l show that all fundamental among maximal 
subalgebras of SKO' (n,n + 1; 1) (resp. CSKO' (n,n + 1; 1)) are, up to conjuga- 
tion, the graded subalgebras of type (1, . . . , 1|0, . . . , 0, 1) and (1, . . . , 1, 2, . . . , 2| 
1, . . . , 1, 0, . . . , 0, 2) with n — t + l 2's and n — t zeros, and the non-graded 
subalgebras S^t) (resp. S^t) + C$) constructed in Example 14.211 for t = 
2, . . . , n. By the same arguments, all maximal among fundamental subalge- 
bras of SKO'{n,n + 1; 1) (resp. CSKO' '(n,n + 1; 1)) are, up to conjugation, 
all the subalgebras listed above and the subalgebra S' constructed in Example 
14.201 if n > 2, or the graded subalgebra of type (1, 1 - 1, — 1, 0) if n = 2. Note 
that the subalgebras of SKO'{2, 3; 1) or CSKO' (2,3; 1) of type (1, 1|1, 1,2) and 
(1, 1 — 1, —1,0) are not conjugate. 

Theorem 4.30 Let S = SKO(n,n + 1; 1) with n>2. 

(i) All maximal among open ^-invariant subalgebras of S are, up to conjugation, 
the maximal open subalgebras listed in Theorem \4-24\ (d). 

(ii) If do = C£x • ■ -£n r or ao = a, then all maximal among ao-invariant open 
subalgebras of S are, up to conjugation, the graded subalgebras of type (1, . . . , 1| 
0,...,0) and (1, . . . , 1, 2, . . . , 2| 1, . . . , 1, 0, . . . , 0, 2), withn-t+l 2's andn-t 
zeros, and the non-graded subalgebras So(t) constructed in Example \4-'21\ for 
t = 2,...,n. 

Proof. One uses Remark 14.291 and the same arguments as in the proof of 
Theorem EH □ 
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Theorem 4.31 Let S = SKO(2, 3; 1) and let b = Ce + Ch C a = sl 2 . 

(i) If ao is a one- dimensional subalgebra of a, then all maximal among open 
do-invariant subalgebras of S are, up to conjugation, the maximal subalgebras 
listed in Theorem \4-*M\ (°)- 

(ii) The graded subalgebra of type (1,1|1,1,2) is, up to conjugation, the only 
maximal among open b-invariant subalgebras of S , which is not invariant with 
respect to a. 

(Hi) All maximal among open a-invariant subalgebras of S are, up to conjuga- 
tion, the graded subalgebra of type (1,1|0, 0,1) and the non-graded subalgebra 
So (2) constructed in Example ^. 2 1\ 

Proof. By Remark l4.29l the proof of (i) is the same as the proof of (i) and {ii) 
in Theorem 12. 171 Recall that the graded subalgebras of type (1, 1|1, 1, 2) and 
( 1 , 1 1 — 1, —1, 0) are conjugate. 

Now, using ^3 Proposition 5.3.4] one can check that the maximal graded 
subalgebra of SKO(2, 3; 1) of type (1, 1|0, 0, 1) and the subalgebra So (2) con- 
structed in Example 14.211 are invariant with respect to a. On the other hand, 
the maximal subalgebra Lo of S of type (1, 1|1, 1, 2) is invariant with respect 
to b but it is not a-invariant. Indeed Lo contains £i£2, it does not contain 1, 
but /(^i^2) = 1. Let Mo be a maximal among open b-invariant subalgebras of 
.5^0(2, 3; 1), then Mo + C^i&t + C$ is a fundamental maximal subalgebra of 
CSKO' {2,3; 1) containing and $, hence, by Remark OH Mo is conju- 

gate to the graded subalgebra of type (1, 1|1, 1, 2), or to the subalgebra of type 
(1, 1|0,0, 1), or to the subalgebra S {2). 

Now suppose that S is a maximal among open a-invariant subalgebras of 
5^0(2,3; 1). Then S is b-invariant, hence it is conjugate either to the graded 
subalgebra of type (1, 1|0,0, 1), or to the subalgebra So (2) constructed in Ex- 
amplc l4~2*Tl Indeed, otherwise, S is contained either in the subalgebra of type 
(1, 1|1, 1, 2) or in a conjugate 5 7 of it (see Remark l4.16|l . Since S is a-invariant, 
it is invariant with respect to all outer automorphisms of S, hence it is contained 
in the intersection of all the subalgebras in the orbit of the subalgebra of prin- 
cipal type. It follows, by Remark 14.161 that S is contained in the subalgebra 
of type (1,1|0,0, 1). This contradicts the maximality of S among a-invariant 
subalgebras. □ 

5 Maximal open subalgebras of SHO~(n, n) and 
SKO~(n,n + l) 

The Lie superalgebra SHO~ (n,n). Let n be even. The Lie superalgebra 
SHO~(n, n) is the subalgebra of HO(n, n) defined as follows: 

SHO~(n,n) = {Ie HO(n,n) \ X(Flo) = 0} 

where lo is the volume form associated to the usual divergence and F = 1 — 
2£i By Remark 12. 71 SHO~(n, n) consists of vector fields X in HO(n, n) 

such that divF{X) = or, equivalently, by Remark 12.91 such that div(FX) = 0. 
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Using the isomorphism between HO(n,n) and A(n, n)/Cl with the Buttin 
bracket, it is possible to realize SHO~ (n,n) as follows (cf. ^| §2]): 



where A A (n,n) = {/ G A(n,n) | A(/) = 0} and A is the odd Laplacian. 
Equivalently, SHO~ (n,n) can be identified with the space A(n, n) A /Cl with 
the following deformed bracket (0j §5]): 



where [•, -]ho denotes the bracket in HO(n, n). 

The superalgebra SHO~(n,n) is simple for n > 2 (n even) [171 Example 
6.2]. Since, as we recalled in the introduction, SHO~ (2,2) = ff(2,l), when 
dealing with SHO~(n,n) we will assume n > 2. 

Remark 5.1 A Z-grading of W(n,n) induces a Z-grading on SHO~ (n,n) if 
and only if degXj + deg£i = const, and Si=i ( ^ e sCj = 0- f n particular the 
Z-grading of type (1, . . . , 1|0, . . . , 0) induces on SHO~(n, n) a grading of depth 
1 which is irreducible by Remark 1 1.1 31 

In what follows we will identify SHO~{n, n) with A(n, n) A /Cl with bracket 
(5.1) and fix its maximal torus T = (xj£i — | i = 1, . . . , n — 1). 

Example 5.2 On A(n,n), for any fixed integer t such that 1 < t < n, let us 
define the following valuation v: 



v(xi) = 2, ^(£j) = for i = t + 1, . . . , n. 
Let us define the following filtration of L = SHO~(n, n): 

Lj{t) = {ieA A (n,ii)/Cl | v{x) > j + 2} 

Then GrL = SHO'(n, n) with respect to the Z-grading of type (1, . . . , 1, 2, . . . , 2| 
1, . . . , 1, 0, . . . , 0) with n — t 2's and n — t zeros. Since this grading is irreducible 
for every t = 2, . . . ,n (cf. Remarks 12.341 l2~^6*|l . it follows, using Corollary 1 1.1 21 
that L(j(t) is a maximal regular subalgebra of L for every t — 2, ... ,71. 

Remark 5.3 Let So := (x^ . . . X^^ ■ ■ - £,i k | k — 1, . . . , n). All elements of 
SHO~(n, n) lying in So have T- weights equal to zero. 
Let ii ^ ■■■=/= ih an d . . . , ih, ji, ■ ■ ■ ,j n -h 

} = {l,...,n}. Then {/ e 
(£u •••&>,! x ji ■ ■ - x j n - h ) ® I A(/) = 0} is a weight space with respect to 
T. Likewise, if i% ^ • • • ^ i h 7^ j, then {/ 6 (xjCh ■ ..^XjX^ . ..x jn _ h ) ® 
So I A(/) = 0} is a weight space with respect to T. 



SHO~(n, n) = ((1 + & . . . £„)A A (n, n))/Cl 



(5.1) 



[/,</] 




= 1, z/(&) = 1 for i = 1, . . . ,i; 
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Theorem 5.4 Let L = SHO~(n,n) with n > 2 even. All maximal open subal- 
gebras of L are, up to conjugation, the following: 

(i) the graded subalgebra of type (1, . . . , 1|0, . . . , 0); 

(it) the non-graded subalgebras Lq{€) constructed in Example 15. SI for t = 

2,. ..,71. 

Proof. Let Lq be a maximal open subalgebra of L. The same argument as in 
the proof of Theorem 12. 1 II shows that Lq is regular hence we can assume, by 
Remark 12. II that it is invariant with respect to the torus T. It follows that Lq 
decomposes into the direct product of T-weight spaces. Note that the elements 
12 j a j£j + / cann °t lie in Lq for any non zero linear combination ^ ■ otj^j and 
any odd function / £ A A (n,n)/Cl with no linear terms, since the elements 
£j are not exponcntiable. We may therefore assume that one of the following 
situations occurs: 

1) the elements Xi + (ft lie in Lq for some elements ipi with no linear terms, 
for every i = 1, . . . ,n. Then the elements + ip do not lie in Lq for any 
%j) in the T-weight space of ip (jz. C£j£j, since, for such a ip, by Remark 
15.31 [xi + (fi,£i£j + ijj] = £j + f] for some function rj £ A A (n,n)/Cl without 
linear terms. It follows that Lq does not contain any element + i/j for any 
tp ^ Cfi^j. The same argument shows, by induction on k = 1, . . . , n, that Lq 
does not contain the elements £j x . . . + ?/>fc for any function ipk ^ C^j x . . . £i k , 
for any k = 1, . . . , n. Lq'is therefore contained in the maximal graded subalgebra 
of L of type (1, . . . , 1|0, . . . , 0), hence coincides with it since it is maximal; 

2) there exists some t = 2, . . . , n such that the elements x\ + tpx, . . . , Xt + ft 
do not lie in Lq for any functions tpi, . . . ,cp t without linear terms, and Xt+i + 
tft+i) ■ ■ ■ i x n + ip n lie in Lq for some functions <fit+i, ■ ■ ■ , fn with no linear terms. 
Then arguing as in 1) and using Remark 15.31 one shows that Lq is contained in 
the subalgebra L (t) constructed in Example 15.21 Thus Lq = L (t) due to the 
maximality of Lq. 

Notice that if x^ + <fi2 , ■ ■ ■ , x n + <p n lie in Lq for some functions tf2, ■ ■ ■ , fn 
with no linear terms, then also x\ + ipi lies in Lq for some ipi £ A A (n,n)/Cl 
with no linear terms. Indeed, any open T-invariant subalgebra of L containing 
£2 + </?2, ■ • ■ , Xn + t-fn and not containing xi + ip for any function <p £ A A (n, n)/Cl 
with no linear terms, is properly contained in the maximal graded subalgebra 
of type (1, . . . , 1|0, . . . , 0), hence it is not maximal. □ 

Corollary 5.5 The Lie superalgebra SHO~ (n,n) has, up to conjugation, only 
one irreducible Z-grading: the grading of type (1, . . . , 1 1 , . . . , 0). 

The Lie superalgebra SKO~ (n, n + 1). Let n be odd. The Lie superalge- 
bra SKO~(n, n + 1) is the subalgebra of KO(n, n + 1) defined as follows: 

SKO~(n, n+1) = {X £ KO(n,n + l) \ X{Flj (3 ) = 0} 

where uip is the volume form attached to the divergence divp for (3 — (n + 2)/n 
and F = 1 + £i . . . £ n T. By Remark 12.71 SKO~ (n,n + l) consists of vector fields 
X in KO{n,n + 1) such that X(F)F~ 1 + div fJ (X) = 0, where [3 = (n+ 2)/n. 
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Using the isomorphism between KO(n, n + 1) and A(n, n + 1) with bracket 
[ETTJl . it is possible to realize SiCO^ (n, ra + 1) as follows (cf. [H| §2]): 

SKO~(n,n + 1) = (1 + & . . . £„r)A A ' (n, n + 1) 

where A A '(n,n + 1) = {/ G A(n,n + 1) | A'(/) = 0} and A' := div {n+2 )/ n = 
A + (E - (n + 2))-§p. Equivalently, SKO~(n, n+1) can be identified with the 
space A(n, n + 1) A with the following deformed bracket: 

(5.2) [f,9] = [f,9)ko + a(fg) 

where [v]fco denotes the bracket in the Lie superalgebra KO(n,n + 1) and 
a(b) = [£i . . . £„t, b]k ~ 26^i ... ^„ if 6 is a monomial in the Xi, and a(b) = for 
all other monomials ([5], ^| Example 6.3]). The superalgebra SKO~(n, n+1) 
is simple for n > 3 (n odd). 

Remark 5.6 If F = 1 + & . . . ^„r and (5 ± (n + 2)/n, then {X G ifO(n, n + 
1) | X(Fw^) = 0} = {X e SKO(n,n+ 1) | X(F) = 0}. In particular this is a 
proper subalgebra of KO(n, n + 1) which is not transitive. 

In what follows we will identify SKO~ (n,n + 1) with A(n, n + 1) A ' with 
bracket Ij5.2jl . Let us fix the torus T = (t + rj -^-&, x^i - x l+ i£ l+ i \ i = 
1, . . . ,n - 1), where $ = YJi=i X A- 

Example 5.7 Let us define the following valuation v on A(n, n + 1): 

v{xi) = 1, = o. = 1 

and let us consider the following filtration of L = SKO~(n, n + 1): 

Lj = {x G A A '(n,n+ 1) | v(x) > j + 1}. 

then GrL = SKO'(n,n+l; ,J -^) with respect to the Z-grading of type (1, . . . , 1| 
0, . . . , 0, 1). It follows, using Corollaries ll.12l and l4.25l that Lq is a maximal open 
subalgebra of L. 

Example 5.8 On A(n,n + 1), for any fixed integer t, 1 < t < n, let us define 
the following valuation v: 

v(xi) = l, !/(&) = 1 for i = 1, . . . ,t; 

i/(xi)= 2, = for i = t + 1, . . . ,n; f(r) = 2; 

where by r we denoted the n + 1-th odd indeterminate of A(n,n + 1). Let us 
define the following filtration of L = SKO~(n, n+1): 

Lj(t) = {x G A A '(n,n + 1) | i/(a;) > j + 2}. 

ThenGri = SKO'(n, n+1; ^i 2 -) with respect to the Z-grading of type (1, . . . , 1, 
2, . . . , 2 1 1 , . . . , 1, 0, . . . , 0, 2) with n — t + 1 2's and n — t zeros. It follows, using 
Corollaries II. 121 and 14.251 that Lo(t) is a maximal regular subalgebra of L for 
every t = 2, . . . , n. 
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Example 5.9 Let us fix an integer t such that 2 < t < n. Let us consider on 
A A (n, n + 1) the same valuation as the one defined in Example 14.211 and let us 
consider the subspaces Si(t) of L — SKO^ (n,n + 1) defined as follows: 

S. t {t) = {f eA A '(n,n + l) | l /(/)>i + 2} + (l,r+^^$) if i < 0; 

n 

Si(t) = {fe A A '{n,n + l) | v{f)>i + 2] if i > 0. 

The subspaces <Si(i) define a filtration of L having depth 1 if t = n and having 
depth 2 if t < n. One has: 

OFL = SHO{n, n) ® A(r?) + o 

with respect to the grading of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) of 
SHO(n,n), with n — t 2's and n — t zeros, and deg(a) = for every a 6 a, 
where a = C(£ - £i . . . U ® ry) + . . . £„ + C(£? - 2 + + 2tj£). 

Since the grading of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0), with n — t 2's 
and n — t zeros, is an irreducible grading of SHO{n, n) for t = 2, . . . , n, So(t) is 
a maximal subalgebra of L for every t = 2, . . . , n, by Corollary 1 1.1 21 

Remark 5.10 The subspaces CI, Cxi, . . . £i h and Cxj^ ■ ■ - £,i h with j 7^ 
i\ ^ • • • ^ ih, are one-dimensional T-weight spaces of SKO~ (n,n + 1). Be- 
sides, the subspaces {/ € (61 • • • & h T, x^-^ - .-^J I = 0} and {/ e 
(^fcCu • ■ -iihTiXkXj^h ■ -'ii h i kj^h,...,ih) I A'(/) = 0} are T-weight spaces. 

Theorem 5.11 Let L = SKO~ (n,n + 1) with n odd, n > 3. All maximal 
open subalgebras of L are, up to conjugation, the (non-graded) subalgebras Lq, 
Lo(t), and So(t), with t = 2, . . . ,n, constructed in Examples \5.7[ \5.fA and \5.fA 
respectively. 

Proof. Let L be a maximal open subalgebra of L. The same argument as in the 
proof of Theorem 12.111 shows that Lq is regular. Therefore, by Remark 12. II we 
can assume that L is invariant with respect to the torus T of SKO~(n,n+ 1). 
It follows that Lo decomposes into the direct product of T-weight spaces. 

Note that the elements £j cannot lie in Lq since they are not exponentiable. 

We distinguish two cases: 

CASE I: 1 does not lie in Lq. We may assume that one of the following cases 
occurs: 

1) the elements x\, . . . , x n lie in Lq. It follows that the T-invariant complement 
of Lq contains the subalgebra A(£i, . . . , £ n ), i.e., the T-invariant complement of 
the maximal subalgebra constructed in Example 15.71 Since L is maximal, it 
coincides with the subalgebra constructed in Example 15. 71 

2) there exists some t = 2, . . . ,n such that the elements x±, . . . ,Xt do not lie in 
Lq and the elements xt+i, ■ ■ ■ , x n do. It follows that the T-invariant complement 
of Lq contains the subspace (l,£j,Xj | j — 1, . . . ,t) ® A(£ t+ i, . . . ,£„), i.e., the 
T-invariant complement of the subalgebra Lo(t) of L constructed in Example 
15.81 By the maximality of Lq we conclude that Lq coincides with Lo(t). 
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Notice that if the elements X2, ■ ■ ■ ,x n lie in L , then also x\ does. Indeed 
any open regular subalgebra of L containing x%, ■ ■ ■ , X n and not containing x\ 
and 1 is contained in the maximal subalgebra constructed in Example 15. 71 

CASE II: 1 lies in Lq. Using the definition of the deformed bracket defined in 
SKO~(n, n + 1), one has: 

[1, [1, a*]] =±2&... 

where by 6 . . . 6 . . . £ n we mean the product of all 6 's except 6 It follows that, 
if Lq contains 1, then it cannot contain the elements x^ , . . . , Xi rl _ 1 for i% ^ • • • ^ 
in-l, because the subalgebra generated by l,Xi t , . . . , Xi n contains the elements 
6's which are not exponentiable. We may therefore assume that Lq contains 
the elements xt+i, ■ ■ ■ , x n for some t = 2, . . . , n and does not contain x\, . . . , Xt- 
Using Remark 15 . 1 01 and the same arguments as in the proof of Theorem l5.4l one 
then shows that Lq is contained in the subalgebra So (t) constructed in Example 
15.91 By the maximality of Lq, Lq = So(t). □ 

Corollary 5.12 The Lie superalgebra SKO~(n,n + 1) has no irreducible Z- 
gradings. 

6 Maximal regular subalgebras of £7(1,6) and 
#(3,6) 

The Lie superalgebra £7(1,6). Let us consider the contact Lie superalgebra 
£T(1,6) and let us identify it with the polynomial superalgebra A(l,6) with 
the contact bracket via the isomorphism ip : A(l,6) — » if (1,6), as described 
in Section |21 In this case, since the number of odd indeterminates is 6, let us 
denote them by & and r/i for i — 1,2,3, and choose the contact form r' = 

dt + Ei=i(6<% + md£,i)- 

The Z-grading of type (2|1, 1, 1, 1, 1, 1) of W(l,6) induces on #(1,6) the 
irreducible grading #(1,6) = Hj^_ 2 2j where g = [f)o,0o] © Cc, [fjo,0o] = sk 
and g_i = A 2 C 4 , where C 4 denotes the standard s/4-module, 91 = Q*_ i®ot®8i> 
as [0 O ,0o]-modules, with 0+ = S 2 C 4 and = S 2 (C 4 )*. 

The Lie superalgebra £7(1, 6) is the graded subalgebra of #(1, 6) generated 
by 9-1 + 0o + (fl* 1 + it) ( cf - El Example 5.2], HJJ §4.2], EU §3]). It follows 
that the Z-grading of type (2|1, 1, 1, 1, 1, 1) induces on £7(1,6) an irreducible 
grading, called the principal grading, where £3 is the highest weight vector of 
0-i = and tr)3, 6%??3 are the lowest weight vectors of q*L 1 = (t£i,tr)i) 

and g^, respectively. Notice that 0^ = (666, 6W3, 6?7i%, 6?7i f 72, 6(6??2 + 

6%), 6(6^1 + 6%), %(6^i -6??2),6(6?7i +6^2), 772(6^1 -6%),r?i(6% - 

6^3)} an( i 0T i s obtained from 0^ exchanging with r/i for every ^ = 1,2, 3. 
Let us fix the standard torus T = (t, ^r/i | i = 1, 2, 3). 

Remark 6.1 The Z-gradings of £7(1, 6) are parametrized, up to conjugation, by 
elements (a\bi, 62, ^3, &4, &5j &e) such that a = degt = — deg 4r 6 N, &i = deg6 = 
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- deg ^- € Z for i = 1, 2, 3, 6 J+3 = deg 7^ = - deg ^- e Z and b { + b 3+i = a 
(cf. EDI §5.4]). The Z-gradings of type (1|1, 1, 1,0, 0,0) and ( 1|1, 1, 0, 0, 0, 1) of 
K(l, 6) induce on E(l, 6) irreducible gradings by Remark ll.131 since E(l, 6) is a 
simple Lie superalgebra. These two gradings are not conjugate since the negative 
part of (1|1, 1, 1,0,0, 0) is generated by the elements l,r}i,r)iT)j for i,j = 1,2,3, 
and has therefore dimension (4|3), while the negative part of (1|1, 1, 0, 0, 0, 1) is 
generated by the elements 1, ryi, 772, £3, £3772; £3^1, V1V2, £3771 ?72, and has therefore 
dimension (4|4). 

Remark 6.2 Let us consider the Z-grading induced on E(l, 6) by the grading 
of type (2|2, 1,1,0,1,1) of #(1,6). With respect to this grading E(l,6) = 
<?Z 2 ® A(l)© W(0, 1) ©sZ 2 and E{1, 6)_i is isomorphic, as an E(l, 6) -module, to 
C 4 ® A(l) where C 4 is the standard so4-module. In particular, E(l, 6)_i is an 
irreducible £(1, 6) -module. Besides, E(l, 6)_ 2 = [£(l,6)_i,-E(l,6)_i] =A(1). 

Theorem 6.3 All maximal open regular subalgebras of L = .£7(1, 6) are, up 
to conjugation, the graded subalgebras of type (2|1, 1, 1, 1, 1, 1), (2|2, 1, 1, 0, 1, 1), 
(1|1,1,1,0,0,0), (1|1,1,0,0,0,1). 

Proof. Let Lq be a maximal open regular subalgebra of L. By Remark 12. II we 
can assume that Lq is invariant with respect to the standard torus T of E(l, 6). 
Therefore Lq decomposes into the direct product of T-weight spaces. Notice 
that CI, C&, Crji, for z = 1,2,3, C^^-, C&£j, Crjirjj, for i ^ j, C^i^rik, for 
! ^ j ^ fc, and C^i^ 2 ^3i are one-dimensional T-weight spaces. Note also that 
the vector field cannot lie in L since it is not exponentiable. It follows that, 
the elements £j and rji cannot lie both in L for any fixed i, since [^i,7?i] = — 1 
and <p(l) = 2^. We may therefore assume, up to conjugation, that one of the 
following cases occurs: 

1) Lq contains no £j and no rji. Then the T- invariant complement of Lq 
contains the T-invariant complement of the maximal subalgebra g >0 of L of 
type (2|1, 1, 1, 1, 1, 1), hence L = g> ; 

2) £1 lies in Lq, £j ^ Lq for any i ^ 1, rjj £ Lq for any j. It follows that 
the T-invariant complement of Lq contains the T-invariant complement of the 
maximal subalgebra g' >0 of L of type (2|2, 1, 1, 0, 1, 1), hence Lq — g' >0 ; 

3) the elements £j lie in Lq for every i = 1,2,3. It follows that the T- 
invariant complement of Lq contains the T-invariant complement of the maximal 
subalgebra g" of L of type (1|1, 1, 1, 0, 0, 0), hence Lq — g> ; 

4) £1, £2,773 € Lq and the elements £3,771,^2 ^ Lq. Then Lq is the maximal 
subalgebra of L associated to the grading of type (1|1, 1, 0, 0, 0, 1). 

Notice that if £i,£2 lie in Lq and rji, 772, £3 do not, then the T-invariant 
complement of Lq contains the T-invariant complement of both the graded 
subalgebras of type (1|1, 1, 1, 0, 0, 0) and (1|1, 1, 0, 0, 0, 1), and this is impossible 
since it contradicts the maximality of Lq. □ 

Corollary 6.4 All irreducible "L-gradings of E(l,6) are, up to conjugation, the 
gradings of type (2|1, 1, 1, 1, 1, 1), (2|2, 1, 1, 0, 1, 1), (1|1, 1, 1,0,0,0) and 
(1|1, 1,0, 0,0,1). 
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The Lie superalgebra £7(3, 6) . The Lie superalgebra £(3, 6) has the following 
structure: £7(3, 6) 5 = W 3 © Q°(3) <g> sl 2 and £(3,6)i = fi 1 ^)-^ <g> C 2 as an 
£7(3, 6) 5 -module (cf. Definition El and HOI §4.4]). The bracket between two 
odd elements is defined as follows: we identify f2 2 (3) _1 with W3 (via contraction 
of vector fields with the volume form) and Sl 3 (3) _1 with Sl° (3) . Then, for 
ui, u>2 G SI 1 (3) — 2 , u\,U2 G C 2 , we have: 

[uj\ ®u\,LU2® ua] = (k>i A CJ2) ® (ui A 1*2) + -(dwi A UJ2 + wi A eL^) © ui ■ "2 

where u\-U2 denotes an element in the symmetric square of C 2 , i.e., an element in 
s?2, and U\ A U2 an element in the skew-symmetric square of C 2 , i.e., a complex 
number. In order to simplify notation we will write the elements of £(3, 6) 
omitting the © sign. Let us denote by H, E, F the standard basis of sh and by 
{vi,v 2 } the standard basis of C 2 . Then E = v 2 /2, F = -uf/2, H = —v\ ■ v 2 
and v\ AV2 = 1. Let us fix the maximal torus T = (H, ^igfr, i = 1, 2, 3). 

Remark 6.5 The Z-gradings of £(3, 6) are parametrized by quadruples (ai, 02, 
03, e) where Oj = dega^ = — deg G N, £ = degwi = — degu 2 G ^Z and the 
following relations hold ( |l()l §5.4]): 

1 3 1 3 

e + -^a;GZ, degd=--^a,, degE = - degF = 2e, deg£T = 0. 

i=i i=i 

The grading of type (2, 2, 2, 0) is called the principal grading of £(3, 6): it has 
depth 2 and its 0-th graded component is isomorphic to sh © sh © C (cf. [P71 
Example 5.4]). £(3, 6)_i and £7(3, 6)1 are isomorphic, as [£7(3, 6)0, £(3, 6)0]- 
modules, to C 3 K1C 2 and S* 2 C 3 §C 2 © (C 3 )* KC 2 , respectively, where C 3 and C 2 
denote the standard sis and s^ 2 -modules, respectively. In particular £(3, 6)_i = 
(dxiVj I i = 1,2, 3; j = 1,2) has highest weight vector dxivy, £7(3, 6)1 = 
(xidXjVk I i, j — 1, 2, 3, k — 1,2) has lowest weight vectors X3CIX3V2 and (X2CIX3 — 
X3<lx2)v2- Notice that the elements d,XiV\ and dxiV2 lie in £(3,6)_i for every 
i = 1,2,3. It follows that [£7(3, 6)_i, £7(3, 6)_i] ^ since, [dxi v%, dXj v%] — 
d/dxk for i^j^k. By Remark Q3 [£(3, 6)_i, £(3, 6)_i] = £7(3, 6)_ 2 . 

Let us now consider the Z-grading of type (2, 1, 1, 0): this is an irreducible 
grading of depth 2 whose 0-th graded component is spanned by the elements: 
E, F, H, xid/dxi, Xid/dxj,XiXjd/dxi,dxiVh,XidxjVh for i,j — 2,3 and h — 
1,2. One can check that £7(3, 6)0 = [£7(3, 6)0, £(3, 6) ]+Cc, where c = 2xid/dxi 
+X2d/dx2 + X3d/dx3, and [£(3, 6)0, £(3, 6)0] is isomorphic to sh © A(2) + 
W(0, 2). Besides, £7(3,6)_i = (xid/dxx, d/dxi, dXiV%, dXiV2, i = 2,3) is isomor- 
phic, as a £(3, 6)o-module, to C 2 ® A(2) where C 2 is the standard s^-module. 
Note that [£7(3, 6)_i, £7(3, 6)_i] + thus [£(3, 6)_ x , £7(3, 6)_J = £(3,6)_ 2 by 
Remark 11.131 

Finally, the grading of type (1, 1, 1, ^) is irreducible by Remark ) 1.131 since 
it has depth 1. 

The Z-gradings of type (2,2,2,0), (2,1,1,0) and (1,1,1, |) satisfy the hy- 
potheses of Proposition ll . 117 6) . therefore the corresponding graded subalgebras 
llj>o E(3> ®)j 01 6) are maximal. 
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Theorem 6.6 All maximal open regular subalgebras of L = E(3, 6) are, up to 
conjugation, the graded subalgebras of type (2, 2, 2, 0), (2, 1, 1, 0), (1, 1, 1, |). 

Proof. Let Lq be a maximal open regular subalgebra of L. By Remark 12. II we 
can assume that Lq is invariant with respect to the standard torus T of E(3, 6). 
Therefore Lq decomposes into the direct product of T-weight spaces. Note that 
Cg|-, Cxi-r^r- for i j, CdxiVk and CF are one-dimensional weight spaces. The 

vector fields -J^ cannot lie in Lq since they are not exponentiable. It follows 
that if dXiVi lies in Lq for some i then dxjVi cannot lie in Lq for any j ^= i, 
since, for i ^ j, [dxiVi, dxjV2] = e(ijk)-^-, where k ^ i,j and e(ijk) is the sign 
of the permutation ijk. One can check that if dx±vi lies in Lq then, due to the 
maximality of Lq, either dx^vi lies in Lq for every i = 1, 2, 3, or dx\V2 does. We 
may therefore assume that one of the following cases occurs: 

1) Lq contains the elements dx\V\ and dx\Vi- It follows that the T-invariant 
complement of Lq contains the T-invariant complement of the maximal graded 
subalgebra g >0 of L of type (2, 1, 1, 0). Thus Lq — q >0 . 

2) Lq contains the elements dxiVi for every i = 1,2,3. As a consequence the 
elements dxiVi, i — 1,2,3, and F lie in the T-invariant complement of Lq. It 
follows that Lq is the maximal graded subalgebra of type (1, 1, 1, A). 

3) Lq does not contain the elements dxiV^ for any i, k. It follows that Lq is the 
maximal graded subalgebra of L of type (2, 2, 2, 0). □ 

Corollary 6.7 All irreducible gradings of E(3,6) are, up to conjugation, the 
gradmgs of type (2,2,2,0), (2,1,1,0) and (1,1, 1,±). 

7 On primitive pairs and filtered deformations 

Proposition 7.1 Let L be an artinian semisimple linearly compact Lie super- 
algebra. If L has a completed irreducible grading then: 

(7.1) L = S®A{n) + F 

where S is a simple linearly compact Lie superalgebra, F is a subalgebra of a® 
A(n) + W(0, n) whose projection on W(§, n) is transitive, and a is the subalgebra 
of outer derivations of S. Let do = {a(0) | a(£) S projection of F on aCg)A(n)} C 
a. Then the irreducible grading of L is obtained by extending to L an irreducible 
grading of S + do through the condition deg(r) = for every r £ A(n). 

Proof. By Theorem 1 1.41 we have: 

®l =1 {Si<§A(mi,ni)) cLc ©^((DerS^tgAtm;,^) + 1 ® W{mi,m)). 

Suppose that L has a completed irreducible grading L — \\ - Qj. Since Si®K(mi, m) 
is an ideal of L, Si®h{rrii, rij)nfl_i is either or the whole g_i foreachi. Hence 
r = 1 and L = S<Z>A(m, n) + F where F is a subalgebra of a<S)A(m, n) + W(m, n) 
whose projection on W(m,n) is transitive by Theorem 1 1.41 
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We recall that a Z-grading of the Lie superalgebra L is defined by an ad- 
diagonalisable element D of DerL, i.e, by a one-dimensional torus (cf. ^| §5.4]). 
The subalgebra L = 5®A(m,n) of L is D-invariant. But all maximal tori of 
DerL are conjugate by Theorem 11.71 hence we may assume that D lies in the 
standard torus of DerL, which is the sum of a maximal torus of DerS and 
the standard maximal torus of W(m,n). This means that the grading of L is 
obtained by taking a grading of 5 (thus of 5 + do) and extending it to L by 
letting degXi = Sj, deg£j = tj. Let Lq — Y[j>o^j- Then the same argument 
as in the proof of Theorem 11.91 a) shows that F is contained in Lo, since Lq 
is fundamental. In particular all even elements of Lq are exponentiable, hence 
the transitivity of the projection of F on W(m, n) implies rn = 0. Finally, by 
the irreducibility of the grading, tj — for every j and the grading of 5 + do is 
irreducible. □ 

Corollary 7.2 Let (L, Lq) be a primitive pair and consider its irreducible We- 
isfeiler filtration. Then the completion of the associated graded superalgebra, 
divided by the maximal ideal in its negative part, is a semisimple Lie superalge- 
bra of the form 

A linearly compact Lie superalgebra L whose associated graded is g is called 
a filtered deformation of the completion g of g. Of course, g is a filtered defor- 
mation of g, called the trivial filtered deformation; note that g is simple if and 
only if g is. If L is simple, it is called a simple filtered deformation of g. If g 
is the only simple filtered deformation of g, we shall say that g has no simple 
filtered deformations. 

Remark 7.3 We recall that if g = ® < ^__ d 0j is a graded Lie superalgebra and go 
contains an element z such that ad(z) \ B . = jld, then g has no non-trivial filtered 
deformations (cf. Corollary 2.2]). It follows that the Lie superalgebras g of 
the form (|7.1fl listed below have no non-trivial filtered deformations, since they 
contain the grading operator: 

a) g = S ® A(t) + F with S = W(m, n), K(2k + 1, n), KO{n, n + 1), E(l, 6), 
£(4,4), £(3,6) or £(3,8) and t > 0; 

b) g = 5(1,2) ® A(t) + F with respect to the Z-grading of 5(1,2) of type 
(1|1, 0), where t > 0. Here the grading operator is z = xJ^ + £i 

c) q = DerS(l, 2) <g> A(t) + F' with respect to the Z-grading of DerS{\, 2) 
of type (2 1 1,1), where t > and F 1 C W(0,t). Here the grading operator is 

- = 2*a| + 6 £ +64- 

Proposition 7.4 Let L = Y[j Lj be a completed irreducible grading of the Lie 
superalgebra L of the form |7.i| ) with n > and S = 5(m, h), for some m > 2. 
Then L has no simple filtered deformations. 

Proof. Suppose that L = GrM for some Lie superalgebra M. We want to 
show that M ^ [M, M] is not simple. Let 5 = Ilj>-i &j ^ e ^ ne corresponding 
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completed irreducible grading of 5 and let 5 be a maximal reductive subalgebra 
of Sq. Notice that, since m > 2, a is a one-dimensional torus, therefore the sub- 
spaces SjT are 5-submodules of £ for every j and every element r E A(n), and 
F is a trivial 5-module. We claim that aj is not contained in [M, M}. Indeed, oj 
can be obtained only from [5_i, A(n)5_i], [5_i, A(n)5o], [5o, A(n)5_i], but un- 
der our hypotheses 5_i(S>5_i and 5_i ®5o do not contain any one-dimensional 
5-submodule. Thus the thesis follows. □ 

Theorem 7.5 All maximal open subalgebras of L = £7(1, 6) are, up to conju- 
gation, the graded subalgebras listed in Theorem \6.cA 

Proof. Suppose that Lq is a maximal open subalgebra of L which is not graded. 
Consider the Weisfeiler filtration associated to Lq and its associated graded Lie 
superalgebra GrL. Then, by Proposition 17. II GrL is of the form (|7.1() and its 
growth and size are the same as those of £. 

From Table 2 we see that the growth of L = E(l, 6) is 1 and its size is 32. 
Hence for GrL of the form H3J) the growth of 5" is 1 and size(5)2™ = 32. So it 
follows from Table 2 that 5 = W(l, h), K{1, h), 5(1, h) or £7(1, 6) and n = in 
the last case. If S = W(l, h) or K(l, h), then, by Remark Q a), £7(1, 6) = L = 
GrL = 5 (g) A(n) + F for some n > and some finite-dimensional subalgebra F 
of W(0, n), which is impossible. If S = 5(1, h), then size(GfZ) = h2 h 2 n = 32 if 
and only if h = 2 and n = 2. Then, by Remark Qb) and c), 5 = 5(1, 2) with 
respect to the Z-grading of principal type. Since a maximal torus of DerS(l, 2) 
has dimension 3, Gr>o£ contains a torus T of dimension less than or equal to 3 
containing the standard torus of 5(1,2). It follows that Lq contains a torus T, 
which is the lift of T, of dimension 2 or 3. The weights of T on L/Lq coincide 
with the weights of T on GrL/Gr>oL. Since the dimension of a maximal torus 
of L is 4, Gr<o-£ contains a T-weight space of weight of dimension greater than 
or equal to 1. But 5(1, 2)_i does not contain any weight vector of weight zero 
with respect to the standard torus of 5(1, 2). Hence we get a contradiction. It 
follows that 5 = £7(1,6) and GrL = £7(1,6). Hence Lq is a regular subalgebra 
of £7(1, 6) and the theorem follows from Theorem 16. 31 □ 

Theorem 7.6 All maximal open subalgebras of L — £7(3, 6) are, up to conju- 
gation, the graded subalgebras listed in Theorem \b\b\ 

Proof. Suppose that Lq is a maximal open subalgebra of L which is not graded. 
Consider the Weisfeiler filtration associated to £o and its associated graded Lie 
superalgebra GrL. Then, by Proposition 17. II GrL is of the form (|7.1(l and its 
growth and size are the same as those of L. 

From Table 2 we see that the growth of £ is 3 and its size is 12. Hence for 
GrL of the form {£U the growth of 5 is 1 and size(5)2" = 12. So it follows 
from Table 2 that 5 = W(3,h), K(3,h), 5(3, h) or £7(3,6) and n = in the 
last case. If 5 = W(l,h) or K(l,h), then, by Remark Eja), £7(3,6) = £ = 
GrL = 5 <E> A(n) + F for some n > and some finite-dimensional subalgebra F 
of W(0, n), which is impossible. If 5 = 5(3, h), then n = by Proposition 17.41 
and sizc(5) = (2 + h)2 h ^ 12. Thus 5 = £7(3, 6) and GPL = £7(3, 6). Hence £ 
is a regular subalgebra of £7(3, 6) and the theorem follows from Theorem 16. 61 □ 
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8 Maximal open subalgebras of 22(5, 10) 



The Lie superalgebra £7(5, 10) has the following structure (cf. ^3 §4.3, 5.3]): 
£7(5,10) 5 = S 5 = 5(5,0) and £7(5,10)i = tffi 1 ^)- £7(5, 10) 5 acts on £7(5, 10)i 
in the natural way and if u>i,C02 € rfQ (5) then [u/i,w 2 ] = wi A ^2 where the 
identification between 17 4 (5) and W5 is used. Let us fix the maximal torus 
T=(x l £--x l+1 ^- i I 1 = 1,2,3,4). 

As in Section [3 for every vector field X = 53j=i -^af - m ^5) we shall set 
^(0) = Eti -Pj(O) gf-- Likewise, for every 2-form u = ^Pijdxi A dxj in 
<iS7 1 (5), we shall set ui(0) — Pij{0)dxi A dxj. 

Remark 8.1 The Z-gradings of £(5, 10) are parametrized by quintuples of pos- 
itive integers (01,02,03,04,05) such that Y^l=i a i ^ 2N where a* = degXj = 
-deg^- and deg d = - \ E- =1 <H (M §5.4]). 

If we define deg = — deg = 2 and deg da^ = we get a consistent 
irreducible grading of E(5, 10), called the principal grading of £(5,10), with 
respect to which E(5, 10)o = sis- One can check that £7(5, 10)_i = A 2 C 5 , 
where C 5 is the standard s^-module, it is spanned by the 2-forms dxi A dxj and 
it has highest weight vector dx\ A dx2\ £(5,10)i is isomorphic to the highest 
component of C 5 (g> A 2 C 5 , i.e., to the irreducible s^-module of highest weight 
TTi + 7T2, and has lowest weight vector x^dxi A dx$. Notice that the 2-forms 
dxi A dxj lie in £7(5, 10)-i for every i,j, thus [E (5, 10)_i,£7(5, 10)_i] / since 
[dxi A dxj, dxh A drrfc] = d/dxt for i^=j=/=h^=k=/=t. It follows from Remark 
OSI that [£(5, 10)_i, £(5, 10)_i] = £7(5, 10)_ 2 . 

Let us consider the Z-grading of type (2,1,1,1,1): this is an irreducible 
grading of £(5, 10) of depth 2 whose 0-th graded component is spanned by 
the elements Xid/dxi — Xi + \d / dx i+ i for i = 1,2,3,4, Xid/dxj for i j ^ 1, 
XiXjd/dxi for i, j 7^ 1, dxi A dxi for i ^ 1, and by closed 1-forms in (xidxj A 
dxk I i,j, k ^ 1). £7(5, 10)o is isomorphic to 5(0, 4) + CZ, where Z is the grading 
operator on 5(0,4) with respect to its principal grading, and £7(5, 10)_i = 
(xid/dxi,d/dxi,dxi A dxj | i,j ^ 1) is an irreducible £7(5, 10)o-module with 
highest weight vector x 2 d/dx 1 . Finally, £7(5, 10)_ 2 = [£7(5, 10)_i, £(5, 10)_i] = 
(d/dxi). 

Let us now consider the Z-grading of type (3,3,2,2,2): this is an irre- 
ducible grading of depth 3 whose 0-th graded component is spanned by the 
following elements: x^d/dxi — Xi + \d / dx i+ i for i = 1,. . . ,4, Xid/dxj for i,j 
1 . 2 and i,j = 3,4,5, i ^ j, dx\ A dx 2 and the closed 2-forms in (xidxj- A 
dx t \i,k,t = 3, 4, 5). £7(5, 10) is isomorphic to (sl 3 ® A(l) + W(0, 1)) © sl 2 and 
£(5, 10)_i = (xid/dxi, Xid/dx2, dx\Adxi, dx^Adxi \ i = 3,4, 5) is isomorphic to 
C 3 <8>A(1)K1C 2 where C 3 and C 2 denote the standard SI3 and s^-modules, respec- 
tively. Finally, we note that £7(5, 10)_ 2 = (d/dxi,dxi Adxj | i,j = 3,4,5) and 
£7(5, 10)- 3 = {d/dx t j i = 1, 2). Therefore [£7(5, 10)-i, £7(5, 10)-i] = £7(5, 10)_ 2 
since [dxi A dxi,dx 2 A dxj] — d/dxk for i 7^ j ^ k and [xid/dxi, dxi A 
dxj] = dx t A dxj for i ^ j. Besides, [£7(5, 1Q)_ 2 , £7(5, 10)_i] = £7(5, 10)_ 3 
since [£(5, 10)_ 2 , £(5, 10)_i] ^ 0. 
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Let us finally consider the Z-grading of type (2,2,2,1,1): this is an ir- 
reducible grading of depth 2 whose 0-th graded component is isomorphic to 
ah ® A(&,6,6) + i.O <K,.<> fl&.&Ek 0&) \i,j= 1,2,3). Besides, 

the —1-st graded component of £(5, 10) with respect to this grading is isomor- 
phic, as an £7(5, 10)o-module, to C 2 ® A(3) where C 2 is the standard s^-module. 
Since [£(5, 10)_i, £(5, 10)_i] + 0, [£7(5, 10)_i,£7(5, 10)_i] = £7(5, 10) _ 2 by Re- 
mark 

The gradings of type (2, 1, 1, 1, 1), (3, 3, 2, 2, 2), (2, 2, 2, 1, 1), (2, 2, 2, 2, 2) sat- 
isfy the hypotheses of Proposition II. Ill It follows that the corresponding sub- 
algebras IljX) ^(5, 10) j are maximal subalgebras of £7(5, 10). 

Remark 8.2 Let us consider the even elements a^gf- for i / j, and the odd 
elements dxi A cfej . Then the weight of x\ g|- with respect to T is different from 
the weight of ajfcgf- for every (h,k) ^ (i,j)- Likewise, the weight of dxi A dxj 
with respect to T is different from the weight of dxhAdxu for every (h, k) ^ {hj)- 

Theorem 8.3 Let Lq be a maximal open T -invariant subalgebra of L = £7(5, 10). 
Then Lq is conjugate to one of the graded subalgebras of type (2,1,1,1,1), 
(3,3,2,2,2), (2,2,2,1,1), (2,2,2,2,2). 

Proof. Since Lq is T-invariant, it decomposes into the direct product of weight 
spaces with respect to T. We analyze what T-weight vectors outside the maxi- 
mal graded subalgebra of £7(5, 10) of principal type may lie in Lq. 

The elements + Y cannot lie in Lq for any vector field Y such that 
Y(0) = 0, since they are not exponentiable. It follows that ifij^j^k^h, 
then the elements x u = dxi A dxj + lj and x a = dxk A dxh + cr cannot lie both in 
Lq for any lj and a in £7(5, 10)i such that oj(0) = er(0) = 0. Indeed, if x^ and 
x a lie in Lq then [a^av] = g§- +Y for some vector field Y such that Y(0) = 0. 

Now suppose that Lq contains the odd element x = dx\ A dxi + op for some 
(p £ £(5, 10)i such that ip(0) = 0. It follows that dx% A dxt± + oj and, similarly, 
dx$ A dx§ + u> and dx^ A dx§ + oj cannot lie in Lq for any oj £ £7(5, 10)j such 
that w(0) = 0. 

Now, either (?) dx\ Adxj + p lies in Lq for some j ^ 2 and some p £ E(5, 10)j 
such that p(0) = 0, and we may assume that p has the same weight as dx\ Adxj, 
or (ii) Lq contains no element of the form dx\ A dxj + p for any j ^ 2 and any 
p £ £7(5, 10)i such that p(0) = 0. Let us analyze these two possibilities: 

(i) Up to conjugation we can assume j = 3. Since dx\ A dx^ + p lies in £o, 
£o contains no element of the form dxi A dx^ + oj and dx2 A cixs + u> for any 
w £ £7(5, 10) j such that w(0) = 0. The following two possibilities may then 
occur: 

(il) dxi Adx3 + oj does not lie in Lq for any oj £ £7(5, 10)i such that oj(0) = 0. 
It follows that Lq contains no vector field of the form Xi +Y for any i ^ 1 and 
any Y - such that F(0) = of order greater than or equal to 2. Indeed, if such a 
vector field lies in Lq then, if i ^ 1, 2, [ajjg|-+i r , dxi Arfa;2 + </3] = dxi/\dx2+r lies 
in Loi for some form r such that t(0) = 0, in contradiction to our assumptions. 
Similarly, if x<i-§^ + Y lies in Lq for some Y such that Y(0) = of order greater 
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than or equal to 2, then [£2g§- + Y, dx\ A dxy, + tp] = dx2 A dx% + t lies in Lq, 
for some r such that r(0) = 0, in contradiction to our assumptions. 

Using Remark E2 we can conclude that Lq is contained in the maximal 
graded subalgebra of £ of type (2, 1, 1, 1, 1) and, due to its maximality, it coin- 
cides with it. 

(i2) dx2 A dx% + r lies in L for some r G £7(5, 10)j such that r(0) = 0. 
Then Lq contains no element of the form dx\ A dxi + u> for any i = 4, 5 and any 
uj G £7(5, 10)i such that w(0) = 0. As a consequence, the vector fields Xij^+Y 
cannot lie in L for any i = 4, 5, j = 1, 2, 3, and any Y such that Y(0) = of 
order greater than or equal to 2. 

Notice that Lq does not contain the elements x±dx± A dx§ + a and x^dx^ A 
dx 5 + a for any a G £7(5, 10)i such that cr(0) = of order greater than or equal 
to 2. Indeed if x^dx^ A dx$ + a lies in Lq for some a such that <r(0) = of order 
greater than or equal to 2, then [dx\ A dx2 + tp, x^dxA A dx§ + a] = ^4 gf^ + Z 
lies in Lq, for some Z such that Z(0) — of order greater than or equal to 2, in 
contradiction to our assumptions. Similarly for the elements x^dx^ A dx$ + a . 

Note that if a 2-form a has the same weight as x^dx^Adx^ (resp. x^dx^Adx^), 
then <t(0) = of order greater than or equal to 2. It follows, using Remark 18.21 
that L is contained in the graded subalgebra of L of type (2, 2,2,1, 1) and thus 
coincides with it. 

(ii) dx\ A dxj + /i does not lie in Lq for any j ^ 2 and any [i such that 
/i(0) = 0. Then two possibilities may occur: 

(111) dx2 A dx t + v lies in Lq for some t ^ 1, 2 and some ^ G £7(5, 10)j such 
that i/(0) = 0. Then, exchanging x\ with X2 and X3 with x tl we are again in 
case (il). 

(112) dx2 A dxt + v does not lie in Lq for any t ^ 1, 2 and any ^ such that 
f(0) = 0. It follows that the vector fields ajjgf^- + ^ and ^igfj- + ^ cannot lie 
in Lo for any i = 3, 4, 5 and any Z such that Z(0) = of order greater than or 
equal to 2. By Rcmark l8.2l Lq is the graded subalgebra of L of type (3, 3, 2, 2, 2). 

We are now ready to prove the statement. Up to conjugation we can assume 
that one of the following cases occurs: 

1) the elements dxi Adxj +w do not lie in Lq for any i,j, and any lu G £7(5, 10) j 
such that oj(0) = 0. Then, by Remark 18.21 Lq is the maximal graded subalgebra 
of £ of type (2,2,2,2,2). 

2) dx\ A dx 2 + (p lies in Lq for some ip G £7(5, 10)j such that <p(0) — and 
the elements dxi A dxj + a do not for any 5^ (1,2) and any a such that 
cr(0) — 0. Then Lq is the maximal graded subalgebra of type (3, 3, 2, 2, 2); 

3) the elements dx\ Adx2+f, dx\Adx3+p lie in Lq for some (p, p G £7(5, 10)i such 
that tp(0) = = p(0) but dx2 A dx 3 + ui does not lie in Lq for any u> G £7(5, 10)i 
such that oj(0) = 0. Then Lq is the graded subalgebra of £ of type (2, 1, 1, 1, 1); 

4) the elements dx\ A dx2 + <p, dx\ A dx% + p and dx2 A dx% + r lie in Lq for some 
tp,p,r G £7(5, 10)i such that ^(0) = p(0) = r(0) = 0. Then Lq is the graded 
subalgebra of £ of type (2, 2, 2, 1, 1). □ 
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Corollary 8.4 All irreducible gradings of E(5, 10) are, up to conjugation, the 
gradings of type (2,1,1,1,1), (3,3,2,2,2), (2,2,2,1,1) and (2,2,2,2,2). 

Theorem 8.5 All maximal open subalgebras of L — £(5, 10) are, up to con- 
jugation, the graded subalgebras of type (2,1,1,1,1), (3,3,2,2,2), (2,2,2,1,1) 
and (2,2,2,2,2). 

Proof. Let Lq be a maximal open subalgebra of L and let GrL be the graded Lie 
superalgebra associated to the Weisfeiler filtration corresponding to Lq. Then 
GrL has growth equal to 5 and size equal to 8 (see Table 2), and, by Proposition 
mi it is of the form (JZ3J. It follows from Table 2 that S = S(5,h), K(5,h) 
or E(5, 10), and n — in the last case. Hence, by Proposition 17 . 41 and Remark 
17.31 n = in the first two cases as well, so S C GrL C DerS, where S is as 
above. If S = £(5, h), then, by Remark 1731 £(5, 10) = L = GTE = S, which 
is impossible. If S = S(5, h), then size(S') = (4 + h)2 h ^ 8. Thus S = E(5, 10). 
In particular GrL contains a torus of dimension 4, thus Lq contains a torus of 
dimension 4, and, up to conjugation, we may assume that this is the standard 
torus T. Now the result follows from Theorem 18. 31 □ 

We recall that if L = E(5, 10) then DerL = E(5, 10) + CZ where Z is the 
grading operator of L with respect to its principal grading. 

Remark 8.6 The same arguments as in the proof of Theorem 18 . 31 show that all 
maximal open regular subalgebras of DerL are, up to conjugation, its graded 
subalgebras of type (2, 1, 1, 1, 1), (3, 3, 2, 2, 2), (2, 2, 2, 1, 1) and (2, 2, 2, 2, 2). 

Theorem 8.7 All maximal among Z -invariant subalgebras of L — £(5, 10) are, 
up to conjugation, the graded subalgebras listed in Theorem \8.5l 

Proof. The same considerations on growth and size as in Theorem 18.51 show 
that every fundamental maximal subalgebra of DerL is regular. If Lq is a 
maximal among Z-invariant subalgebras of L, then Lq + CZ is a fundamental 
maximal subalgebra of DerL, hence it is regular. The thesis then follows from 
Remark □ 

9 Maximal open subalgebras of £7(4,4) 

The Lie superalgebra E(4, 4) has the following structure f |101 §5.3]): E(4, 4)g = 
Wi and £(4,4)1 = £^(4)-^ as an E(4, 4) -module (cf. Definition ESI- Besides, 
for uji,lu 2 £ £(4,4)i: 

[wi, 0J2] — doj\ A u>2 + lo\ A duj2- 
Let us fix the maximal torus T = (xijj^- \ i = 1, 2, 3,4) of L and let T" = 

te^-si+iasfer l< = 1.2,3). 

If we set degXi = 1 = — deg^- and degti = — 2 we obtain an irreducible 
Z-grading of £(4,4) = n*>— 1 -£(4, 4)^, called the principal grading of £(4,4), 
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such that the £7(4, 4) -module £7(4, 4)_i is isomorphic to the p(4)-modulc C 4 ' 4 . 
Then, by Proposition II. ll| Lq = Y\- >0 E(A,4)j is a maximal open subalgebra 
of £7(4, 4), which is graded. 

Remark 9.1 The Lie superalgebra £ — £7(4,4) is a left finite type module 
over C[[xi, . . . , X4]]. Let {hi] be a set of free generators of £ as a module over 
C[[xi, . . . , X4]] so that every element a G £ can be written as a = ■ Pjbj 
with Pi G C[[xi, . . . , Xi]]. Then we can define a valuation v on £ by assigning 
the value of f on any formal power series and on any &j, and defining v{a) = 
min^KP) + v{bi)}. 

We shall give below three examples of maximal regular subalgebras of L = 
£7(4, 4) which are not graded, making use of Remark 19.11 In all these ex- 
amples d/dxi and dxi, with i — 1,2,3,4, will be the generators of £ as a 
C[[xi, X2, £3, X4]]-module. 

Example 9.2 Throughout this example, the valuation v will be defined as 
follows: 

v{d/dxi) = —1, v(dxi) = —1 for i = 1,2,3; v{djdxA) — —2, v(dxi) = 0; 

besides, for every P G C[[x l7 x 2 , £3, #4]], f (P) will denote the order of vanishing 
at t = of the formal power series P(t, t, t, t 2 ) G C[[<]]. 

Let us consider the following filtration £ = £_2 D £-1 D Lq D . . . of £: 

(£,)o = {IeH / 4 > j, div(X) e C} + {Y g ^4 |i/(y) > j + 1}; 

(£j)l = G ^(4) > j, = 0} + {cr G fi x (4) |i/(tr) > j + 1}. 

Then GrL has the following structure: 

(Gr,£)o = {XeH / 4 | ^ PO = j, divpO g C} + {Y e W 4 = j + 1}/{Y \ 

div{Y) G C}; 

{Gr 3 L)i = {uo G dJ2°(4) | = .7} + {a G ft 4 (4) | i/(<r) =j + l}/dfi°. 

Gr£ is isomorphic to the Lie superalgebra SHO(A, 4) + C£7 with the irre- 
ducible Z-grading of type (1, 1, 1, 2|1, 1, 1, 0), where E = g * = i gfr +X)i =1 &i ^§7 
is the Euler operator. The hypotheses of Corollary 1 1 . 1 21 are then satisfied. It 
follows that Lq is a maximal subalgebra of £. 

Example 9.3 Throughout this example, the valuation v will be defined as 
follows: 

v(d/dxi) = —1, v(dxi) = —1 for i = 1,2; 

v(d/dxi) = —2, v(dxi) = 0, for i = 3,4; 

besides, for every P G C[[xi, X2, £3, #4]], ^(P) will denote the order of vanishing 
at t = of the formal power series P(i, t, t 2 ,t 2 ) G C[[t]]. 
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Let us consider the following filtration L = L-2 3 L-i D Lq D ■ ■ ■ of L: 
(Lj)o = {X eW 4 \ v{X) > j, div(X) eC} + {YeWi \ v{Y) > j + 2}; 
(Lj)i ={uje O x (4) \v(u) > j, duj = 0} + {a e O x (4) \v(a) >j + 2}. 
It follows that GrL = @j>_^GrjL has the following structure: 

(GrjL) Q = {YeWi | v(Y) = j + 2}/{Y \ div(Y) eC} + {l£lf 4 | v{X) = j, 

div(X) e C}; 

(G rj L)i = {ujG dn°(A) | v{uj) = j} + {uj £ « x (4) | = j + 2}/dO°. 

GrL is isomorphic to 5P0(4, 4) + CP with respect to its irreducible grad- 
ing of type (1, 1,2,2|1, 1,0, 0). By Corollary 11.121 Lq is therefore a maximal 
subalgebra of L. 

Example 9.4 Throughout this example, the valuation v will be defined as 
follows: 

v{d/dxi) = -1, v(dxi) =0 for i = 1, 2, 3, 4; 

besides, for every P £ C[[xi, a^2, £3, £4]], v{P) will denote the order of vanishing 
ofPatO. 

If we define Lj as in Example 19.31 we obtain a filtration of L of depth 1. In 
this case GrL is isomorphic to SHO(4:, 4) + CP with the irreducible grading of 
type (1, 1, 1, 1|0, 0, 0, 0). It follows that Lq is a maximal subalgebra of L. 

Remark 9.5 (i) The vector fields Xi-J^— and XhjP—, with i ^= j and h ^= k, have 
the same weights with respect to T" if and only if (i, j) = (h, k). 

(ii) The vector fields £ig§- and XhXt-^r^ have never the same weights with 
respect to T', for any i, j, h, k. 

Remark 9.6 (i) The 1-forms dxi and dxj have the same weights with respect 
to T" if and only if i = j . 

(ii) The 1-forms dxi and Xjdxk have never the same weights with respect to 
T", for any i, j, fe. 

(m) The 1-forms Xidxj and Xhdxk have the same weights with respect to T' 
if and only if {i,j} = {k, h}. 

Theorem 9.7 Let Lq be a maximal open T' -invariant subalgebra of L = P(4, 4). 
Then Lq is a regular subalgebra of L which is conjugate either to the graded sub- 
algebra of type (1, 1, 1, 1), or to one of the non-graded subalgebras constructed 
in ExamvlesW3. HOI p?71 

Proof. We first notice that the vector fields -J^- 4- Y such that Y(0) = 
cannot lie in Lq since they are not exponentiable. Likewise, no nonzero linear 
combination of vector fields can lie in Lq . 
We distinguish two cases: 
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1. the elements dxi + lu do not lie in Lq for any i and any form lu such that 
w(0) = 0. By Remark 19.61 (i), no nonzero linear combination of the forms dxt 
lies in Lq. It follows that Lq is contained in the maximal graded subalgebra of 
type (1,1,1,1), hence they coincide, due to the maximality of Lq. 

2. dxi + lu lies in Lq for some i and some lu such that oj(0) = 0. Up to 
conjugation we can assume i = 4, i.e., dx4 + w e Lo for some cj such that 
w(0) = 0. 

Then, up to conjugation, the following possibilities may occur: 

(a) dxi + tp Lq for any i 7^ 4 and any 1-form ^ such that ip(0) = 0. 
Suppose that the vector field + Y, such that i ^ 4 and V has a zero in 

of order greater than or equal to 2, lies in Lq. Then [a^igfj + Y, £&C4 + w] = 
dxi+uj' £ L for some lu' such that u/(0) = 0, thus contradicting our hypotheses. 
It follows that Xi + Y does not lie in Lq for any i ^ 4 and any Y such that 
Y(0) = of order greater than or equal to 2. Besides, by Remark \9.bt i). no 
nonzero linear combination of the vector fields a^i gfj lies in Lq. 

Now suppose that the form Xidxj + axjdxi + a lies in Lq, for some i ^ j ^ 4, 
some a/1 and some ct such that cr(0) = of order greater than or equal to 2. 
Then [xidxj + axjdxt + a, dx± + u>] = (1 — a) g| — h Y 6 Lo for some fe 7^ i, j, 4 
and some Y" such that Y(0) = 0, contradicting our hypotheses. It follows that 
no 1-form r + a such that r £ (xidxj \ i =/= j ' ^ 4) and 7^ 0, and cr(0) = 
of order greater than or equal to 2, lies in Lq. By Remark 19.61 Lq is contained 
in the maximal regular subalgebra of £'(4,4) constructed in Example 19.21 thus 
coincides with it. 

(b) dx3 + (p G Lq for some (p such that tp(0) — and dx\ + ip £ Lq for every 

1 7^ 3, 4, and every tp such that ^(0) = 0. 

Arguing as in (a), one shows that the vector fields Xi-^ + Y and Xi-^+Y do 
not lie in Lq for every i = 1,2 and any Y such that Y(0) = of order greater than 
or equal to 2. Likewise, the 1-forms r + er such that r £ {xidxj \ i, j = 1, 2, i 7^ j) 
and dr 7^ do not lie in Lq for any <r such that <r(0) = of order greater than 
or equal to 2. 

Now suppose that Xidx^ + ax^dxi + lu G Lo for some i = 1,2, some a ^ 1 
and some lu such that w(0) = of order greater than or equal to 2. Then 
[xidxi + ax^dxi + w, cixs +</?] = (1 — a) g§- + Y e Lo for some vector field Y 
such that Y(0) = 0, contradicting our hypotheses. Therefore the 1-forms r + cl> 
such that r £ (xidx4, x^dxi \ i = 1,2) and cir 7^ 0, do not lie in Lo for any <D 
such that co(0) = of order greater than or equal to 2. 

Likewise, the 1-forms t + ct such that r £ (xidx^, x^dxi \ i — 1, 2) and dr 7^ 0, 
do not lie in Lq for any a such that er(0) = of order greater than or equal to 
2. 

Finally suppose that a vector field X + Z such that X(0) = of order greater 
than or equal to 2 and div(X) — ax\ + (3x2 7^ 0, and Z(0) = of order greater 
than or equal to 3, lies in Lq. Then [X + Z, dxi + lu] = [X, dx^] + a € Lq, where 
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[X, dxq\ is a nonclosed 1-form in {xidx^.x^dxi \ i = 1,2) and cr(0) = of order 
greater than or equal to 2. This contradicts our hypotheses. Therefore no such 
a vector field X + Z lies in Lq. 

It follows that Lq is the maximal regular subalgebra of L constructed in 
Example IP 

(c) dx% + ip G Lq and dxi -Vip £ Lq, for some (p and ^ such that (p(0) = and 
ip(0) = 0, and dxi 4- <p £ Lq for every (p such that <^(0) = 0. 

We will show that, since Lq is maximal, this case cannot in fact occur. Indeed, 
arguing as in (a) and (b) one shows that the 1-forms r + a, where r € (xidxj), 
dr ^ 0, do not lie in Lq for any a such that cr(0) = of order greater than or 
equal to 2. It follows that the vector fields X + Z where div(X) e (xi, a; 2 , £3, x±) 
and div(X) ^ do not lie in Lq for any Z such that ^(0) = of order greater 
than or equal to 3. Therefore Lq is contained in the maximal subalgebra of L 
constructed in Example 19.41 In fact, since we assumed that dx\ + (p £ Lq for 
every ip such that y>(0) = 0, Lq is properly contained in the maximal subalgebra 
of L constructed in Example 19.41 This contradicts the maximality of Lq. 

(d) dxi + LUi lies in Lq for every i and some u>i such that u>j(0) = 0. 
Arguing as above, one shows that Lq is the subalgebra of L constructed in 

Example 19.41 

Corollary 9.8 The Lie superalgebra £?(4,4) has, up to conjugation, only one 
irreducible grading, that of type (1, 1, 1, 1). 

Theorem 9.9 All maximal open subalgebras of L = E(A, 4) are, up to conju- 
gation, the following: 

(i) the graded subalgebra of type (1, 1, 1, 1); 

(ii) the non-graded subalgebras constructed in Examvles \9.Sl HOI \9.4\ 

Proof. Let Lq be a maximal open subalgebra of L and let GrL be the graded Lie 
superalgebra associated to the Weisfeiler filtration corresponding to Lq. Then 
GrL has growth equal to 4 and size equal to 8 and, by Proposition it is of 
the form (J77TJ). Using Table 2 we see that either n = and S = 5(4, 1), i?(4, 3), 
5iTO(4,4), 5FO~(4,4), #(4,4), or n > and 5 = W(4,0) or 5 = ff(4,ft) for 
ft- < 3. Remark 17 . 31 shows that the case n > 0, S = W{A, 0) cannot hold. 

If S = SHO(A,A) then S contains a maximal torus T of dimension 3, thus 
Lq contains a torus T of dimension 3 which is the lift of T. In particular, the 
weights of T on L/Lq coincide with the weights of T on GrL/Gr>oL. Since 
L is transitive, these weights determine the torus T completely. Therefore we 
may assume, up to conjugation, that Lq contains the standard torus T 1 of 54. 
By Theorem 19.71 Lq is thus conjugate to one of the non-graded subalgebras 
constructed in Examples 19.21 19 . 41 Likewise, if 5 = £J(4,4), then S contains 
a maximal torus of dimension 4, hence Lq contains a torus of dimension 4, i.e., 
it is regular. By Theorem 19. 71 Lq is thus conjugate to the graded subalgebra of 
type (1,1,1,1). 

If S = SHO^(A,4), then S contains a maximal torus T of dimension 3, 
hence we may assume, as above, that Lq contains the standard torus T' of 54. 
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Then, by Theorem [Q GrL is of the form with either 5 = SHO(A,A) or 
S = E(4, 4) and this is impossible. By the same argument, if S = S(4, 1), one 
gets a contradiction. 

Finally, we will show that the case S — H(4, h) cannot hold for any h < 3. 
Indeed, suppose S = H{A,h). If Gr>$L contains a torus of dimension 4 then 
Lq is regular and, by Theorem 19. 71 GrL is of the form l|7.1|l with S = E(A,A) 
or S = SHO(4:,4:), contradicting our assumptions. Therefore Gr> L contains 
a maximal torus T of dimension k < 4, containing the standard torus Th of 
-ff(4, h). Then Lq contains a maximal torus T of dimension k (which is the lift 
of T) and the even part of Gr^L contains a T-weight subspace of weight of 
dimension 4 — k. Consider the Lie superalgebra H (4, h) £g> A(3 — h) with respect 
to an irreducible grading of H(A,h). Then the negative part of this grading 
contains a non trivial even TVweight subspace of weight if and only if h = 1 . 
Therefore we conclude that h = 1. Notice that H(4, 1) has, up to conjugation, 
only one irreducible grading (that of principal type) and this is of depth 1 . In this 
case Gr_i_L contains a two-dimensional even T^-weight subspace V of weight 
0. Since L is transitive the weights of T on Gr-\L determine T completely 
and we can assume, up to conjugation, that the lift T of T is contained in the 
standard torus of L. It follows that the standard torus of L contains some non- 
zero element X^^^al - wnose projection on Gr^iL lies in V. Since Gr_iL is 
commutative and is not exponentiable for any j, hence it cannot lie in Lq, 
it follows that there exist some vector fields P and Q in W4, such that P(0) = 
of order greater than or equal to 2, and Q(0) = of order greater than or equal 
to 1, such that the commutators diXi-J^- + P, + Q] lie in Lq for every 

j = 1, . . . , 4. But this is impossible since {^2 i atXi + P, +Q] = — <Xj g|- + R 
for some R G W4 such that i?(0) = 0. We conclude that S cannot be the Lie 
superalgebra H(4, h) for any h. □ 

10 Maximal open subalgebras of E(3, 8) 

The Lie superalgebra L = E(3,8) has the following structure (JOIj it 
has even part P(3,8) 5 = W 3 + ft°(3) <g) sl 2 + rift 1 (3) and odd part £(3,8)i = 
Q° (3)" 5 <g> C 2 + n 2 (3)-^ ® C 2 . W 3 acts on 0°(3) <g> sl 2 + dfl 1 ^) in the natural 
way while, for X,Y e W 3 , /,j G n°(3), A,Be s^ 2 , £*>i,W2 G dO x (3), we have: 

[X, Y] = XY - YX - -d{div{X)) A d(div(Y)): 

= 0; 

[/ <8> A,p <g> 5] = fg ® [A, B] + df A dg tr(AB); [wi, u 2 ] = 0. 

Besides, for X eW 3 J E Q"(3)-Kg G fi°(3), u G C 2 , 4 G sZ 2) u G rfO x (3), 
<ref] 2 (3)-5, 

[X, / ® «] = (X./ + irf(efoX) A df) <g> v; 
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[g®A,f®v] = (gf + dg A df) <g> Av; [g <g> A, 

[u, f <8) v] = fu ® v; [cj, a <8 v] = 0. 

Here W3 acts on fi 2 (3) by Lie derivative. 

Finally, we identify W 3 with 2 (3)~ 1 and n°(3) with fi 3 (3) -1 . Besides, we 

1 1 

identify il 2 (3)~2 with W3 2 and we denote by X u the vector field corresponding 
to the 2-form u> under this identification. Then, for oji,oj 2 S ^ 2 (3) _5 , f ll f 2 € 
Q°(3)~ 5 , u!,u 2 G C 2 , we have: 

[wi ® ttijWa ®u 2 ] = pf Wl (u> 2 ) - {divX W2 ) wi)ui Ait 2 , 

[/1 ® mi, /2 ® wa] = rf/i A rf/ 2 ® mi A u 2 , 

[/1 Wi (8»u 2 ] = {f\U\+dfx Ad(divX u)1 ))®u 1 f\u 2 - - (/i^i — a;i4fi)®«i -"2, 

where, as in the description of i?(3, 6), ui ■ u 2 denotes an element in the sym- 
metric square of C 2 , i.e., an element in sl 2 , and u\ A u 2 an element in the 
skew-symmetric square of C 2 , i.e., a complex number. (Note that the last 
formula is corrected as compared to 6 .) Let {vi,v 2 } be the standard ba- 
sis of C 2 and E,F,H the standard basis of sl 2 . We shall simplify notation 
by writing elements of L omitting the ® sign. Let us fix the maximal torus 
T = {H,Xid/dxi,i= 1,2,3). 

Remark 10.1 The Z-gradings of E(3, 8) are parametrized by quadruples (a\, a 2 , 
03, e) where at = dega;, S N and e = degwi e Z (^3 §5.4]). The following rela- 
tions hold: 

3 3 
degw 2 = — e — 2_. a t) deg-E = — degF = 2e + a,, degd = degH = 0. 

i=l i=l 

The grading of type (2, 2, 2, —3) is called the principal grading of E(3, 8) (cf. 
|17l Example 5.4]). It is an irreducible consistent Z-grading of depth 3. Its 0-th 
graded component is isomorphic to sis ffi si 2 © C and is spanned by the elements 
Xid/dxj, E, H and F. E(3, 8)_i is spanned by the elements XiV\ and XiV 2 and 
is isomorphic, as an E{3, 8) -module, to C 3 M C 2 M C(-l) where C k denotes the 
standard s/fe-module. Besides, E(3, 8)_ 2 = (d/dxi) and £7(3, 8)_3 = (ui,w 2 ). It 
is then immediate to verify that g_i generates g_, since, for i ^ j, [xiV\, XjV 2 ] — 
d/dxk and [d/dx k , x k v h ] = v h . 

Let us now consider the grading of type (2, 1, 1, —2). This is an irreducible 
grading of depth 2 whose 0-th graded component is spanned by the following 
elements: E, F, H, X\d/dxi, XiXjd / dx\, Xid/dxj, xiv k , XiXjVk, and dx 2 A 
dx 3 v k , for i,j = 2,3, k = 1,2; it follows that E(3,8) = [E(3, 8) , E(3, 8) ] +Cc 
where c = 2x\d/dxi + x 2 d/dx 2 + x^d/dx^ is central in _E(3, 8)0 and [£7(3, 8)0, 
£(3, 8)0] = sl 2 ® A(2) + W(0,2). Besides, £7(3,8)_i = (2^1, x;v 2 , x.d/dxx, 
d/dxi, i = 2,3) is isomorphic, as an £7(3, 8)o-module, to C 2 (8) A(2) where C 2 
is the standard s/ 2 -module; finally, by Remark 11.131 £(3,8)_ 2 = [E(3, 8)_i, 
£(3, 8)_i] since [£(3, 8)_i, £7(3, 8)_i] 7^ 0. 
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Now let us consider the grading of type (1,1,1,-1). This is an irreducible 
grading of depth 2 whose 0-th graded component is spanned by the elements 
Xid/dxj, H, XiF, XiXjV2, XiVi, dxiAdxjVv- One can verify that £7(3, 8)o — 
W(0, 3) + CZ where Z is the grading operator of W(Q, 3) with respect to its 
principal grading. Besides, £7(3, 8)_i = (d/dxi, F, vi, 2^2) is an irreducible 
£7(3, 8)o-module with highest weight vector F. Finally, by Remark 11.131 
£7(3, 8)_ 2 = [£7(3, 8)_i, £7(3, 8)_i] since [£7(3, 8)_i, £7(3, 8)_J + 0. 
The gradings of type (2,2,2,-3), (2,1,1,-2) and (1,1,1,-1) satisfy the hy- 
potheses of Proposition 11.111 therefore the corresponding subalgebras 
Yij>o -^(3> 8) j are maximal subalgebras of £7(3, 8), which are graded, hence reg- 
ular. 

We shall give below six examples of maximal regular subalgebras of L which 
are not graded. 

Remark 10.2 We can view the Lie superalgebra L — £7(3, 8) as a submodule of 
a (non-free) module M over C[[xi, X2, X3]]. In order to define a valuation on L we 
can fix a set of generators {bi} of M so that every element a G L can be written 
aso = J^. Pibi with Pi G C[[a;i, x%, X3]], and assign the value of v on any formal 
power series and any bi. Then we define v(a) — min a= ^ P b . (ra\rii{v(Pi) + 

"&)})■ 

Example 10.3 Throughout this example, for every P £ C[[afi, X2, £3]], v{P) 
will be the order of vanishing of P at 0. Let us fix the following set of elements 
{bi} (see Remark M^t : 

d/dxi, £7, H, F, dxiAdxj, v\, v?, XiV\, dxif\dxjV\, dxiAdxjV2 — 1,2,3), 
and let us set: 

v{d/dx l ) = -1, v(E) = 1, v(H) = 0, v{F) = -2, v{dx t A dx 3 ) = 1, 

v{v\) = 0, v{v2) — —2, v(xiV\) = 0, v{dxi A dxjV\) = 1, v{dxi A dxjV%) = — 1. 

Let us consider the following filtration £_2 3 £-1 D Lq D . . . of L: 

(Lj) n = {Xe W 3 \v(X) > j, div{X) G C}+{X+^div(X)H\X G W 3 , v{X) > j} 

+{X G W 3 I i/(X) > j + l} + {w G <fil 1 (3) I v(u) > j} + (fE, fF G 0°(3)®s; 2 

v(.fE)>j, v(fF)>j); 

= {/ G fi°(3) ® C 2 I > j} + {uj Vi en 2 ®C 2 I u(uvi) > j, du) = 0} 
+{ijjv x G ft 2 (g) C 2 |i/(wi;i) > j + 1} + {wi>2 G fi 2 O C 2 I v(lov 2 ) > j}. 

Then Gr£ has the following structure: 
{Gr 3 L)- = {X G W 3 I v{X) = j, div(X) G C}+{X+idw(X)i? | = j}+(X 
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G W 3 , fH G Q°(3)®sl 2 I v{X) = 3 + 1 = v{fH))/{Y,X + -div{X)H \ div(Y)e 
C> + {wedfi 1 (3) Hu)=j} + (fE,fFert i (3)®8l 2 I v(fE)=j = v(fF)); 

{GrjL)i = {/ G tt°(3)®C 2 | = j} + {^ G £! 2 ® C 2 | = j, duj = 0} 

G VL 2 ®<C 2 \v(luvi) = j + l}/{wui | do; = 0} + {uv 2 G n 2 <g>C 2 |z/(w« 2 ) = ji- 
lt follows that GrL = SKO(3,4;-l/3) (g) A(£) + a with respect to the 
irreducible grading of type (1, 1, 1|1, 1, 1, 2) of SKO(3,4; — 1/3) and deg£ = 
0, with o = C(d/d£) + C(Z + £d/d£), where Z is the grading operator of 
SKO(3,i; —1/3) with respect to its principal grading. By Corollary 1 1.1 21 L is 
a maximal subalgebra of L. 

Example 10.4 Let us fix the same set {bi} as in Example 110.31 Throughout 
this example, for every P G C[[xi, £2,2:3]], v{P) will be the order of vanishing 
at t = of the formal power series P(t 2 , t, t) G C[[t]]. Besides we set: 

v{d/dxi) = -2, v{d/dx 2 ) = v(d/dx 3 ) = -1, v{E) = 0, u(H) = 0, v{F) = -2, 

v(vi) = 0, f(v 2 ) = -2, v(xiv\) = 0, v(x 2 Vi) = v(x 3 vi) = -1, 
v(dx 2 A dx 3 ) = 0, v(dx 2 A dx3«i) = 0, v(dx 2 A C&E3U2) = —2, 
v[dx\ A cfaj) = 1, v[dx\ A dxiUi) = 1, v(dx\ A dx{V 2 ) = — 1, for i = 2, 3. 

Let us consider the filtration L = L_ 2 3 L-i D Lq D . . . of i where: 
(JDj) = {X G W3 I v[X) > 3, div(X) G C}+{X+^div(X)H \ X g W 3 , v{X) > 
j}+{X G W 3 I > j+2} + {w G dO x (3) I > j} + </£, /F G n°(3)®sZ 2 , 
v{fE)>j, v{fF)>j)- 

= {/ G n°(3)®C 2 \v(f) > j}+{ujv l G Q 2 <g>C 2 |i/Mi) > j, du = Q}+{u)v x g 
Q 2 (g> C 2 |^(wwi) > j + 2} + {wti 2 G ft 2 ® C 2 I u(uv 2 ) > j}. 
Then GrL has the following structure: 

(Gr i i) 5 = {IeW 3 I = j, div(X) e C}+{X+^div(X)H \ v(X) = j}+(X 
G W 3 , fH G n°(3)<Z>sl 2 I i/(X) = j + 2 = v{fH))/{ X + ^div(X)H,Y div(Y)e 
C) + {lj g ffi x (3) I - 3} + (fE, fF I v(fE) = j - ^(/F)); 
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{Gr ] L) l = {/ G ft°(3)®C 2 | = i}+{uw a G fl 2 ®C 2 \ u(uvi) = j, dw = 0}+ 
{wwi G fl 2 ®C 2 | = j + 2}/{wwi | dui = 0} + {luv 2 G tt 2 ®C 2 \ v(ljv 2 ) = j}. 

It follows that GrL = SKO(3, 4; -1/3) ig) A(£) + a with respect to the 
irreducible grading of type (2, 1, 1|0, 1, 1, 2) of SKO{3, 4; -1/3) and deg£ = 
0, with a = C(d/d£) + C(Z + 2£d/<9£), where Z is the grading operator of 
SKO{3, 4; -1/3) with respect to the grading of type (2, 1, 1|0, 1, 1, 2). By Corol- 
larv ll.121 L is a maximal subalgebra of L. 

Example 10.5 Let us fix the same set {bj} as in Examples llO. 31110.41 Through- 
out this example, for every P G C[[xi, x 2 , £3]], v(P) will denote the order of 
vanishing of P at 0. Besides, we set: 

v(d/dx{) = -1, v{E) = -1, u(H) = 0, v(F) = -1, v{dx, A dzj) = 0, 

v(vi) = 0, v(v2) = — 1, v(xiVx) — —1, vidxi AdxjVi) = 0, vidxi Adxjv 2 ) = — 1. 

Now, if we define as in Example ll0.4l we obtain a filtration of L of depth 1. 
In this case GrL = £^0(3,4; —1/3) ® A(£) + o with respect to the irreducible 
grading of type (1, 1, 1|0, 0, 0, 1) of SKO(3, 4; -1/3) and deg£ = 0, with o = 
<C(d/dCi + C(Z + 2£d/dC), where Z is the grading operator of SKO(3, 4; -1/3) 
with respect to the grading of type (1, 1, 1|0, 0, 0, 1). By Corollary 1 1.1 21 L is a 
maximal subalgebra of L. 

Example 10.6 Throughout this example, for every P G C[[ii, x%, X3]], v(P) 
will be the order of vanishing at t = of the formal power series P(t 2 ,t,t) G 
C [[£]]. Let us fix the following elements: 

d/dxi, E, H, F, XiE, XiH, XiF, dxiAdXj, 

V\, V2, XiVi, XiV 2 , dxiAdxjVi, dxiAdxjV 2 = 1, 2, 3), 
and let us set, for t = 2,3, h = 1, 2: 

v(d/dxi) = -2, vidjdxt) = -1, i/(J5) = = v{F) = 0, 

i/(xi£;) = v(x 1 H) = v{x x F) = 0, v(x t E) = i/(x t if) = ^(x t F) = — 1, 

!/(«/,) = 0, u{xiv h ) = 0, v{x t v h ) = -1 

^(dxi A dxj) = v(d/dxk), v{dxi A dxjVf,,) = v(d/dxk), for i ^ j ^ fc. 

Let us consider the following filtration L = L- 2 D L_i D Lq D . . . of L 
where 

(L.Oo = {X G W 3 I i/(Jf) > j, dtv(X) G C} + {X G W3 I i/(X) > j + 2} + {.g G 
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fi°(3) <g> sl 2 | K#) > j} + {ujE <m 1 (3) I v{u>) > j}; 

(Lj)i = {/ G ^°(3)®C 2 | > j}+<a;w h £ ft 2 ®C 2 | i/(a;w h ) > j, div(X u ) e C) 
+{ ( re0 2 <g>C 2 | v{a) >j + 2}. 

Then GVL has the following structure: 
{G rj L)o = {X eW 3 \ v{X) = j, div(X) G C} + {X e W 3 \ v(X) = j + 2}/{X 

div(X) eC} + {ge n°(3) <8> sZ 2 | Kf) = j} !{u6 ^(3) | i/(w) = j}; 
(Gr 3 L)i = {/ G ft°(3)®C 2 I K/) = G ft 2 (3)®C 2 I = j, div{X u ) G 

C) + (w^ e n 2 (3) ® C 2 I i/^) = j + 2>/(w« fc I div(X u ) G C). 

It follows that GVL = SHO(3,3) ® A(?7i, 772) + b with respect to the grad- 
ing of type (2, 1, 1|0, 1,1) of 5FO(3,3) and degr/, = 0, with b = C(d/dr)i) + 
C(9/9t7 2 ) + sl 2 + C(Z + 27719/9771 + 2 V2 d/d m ) + C(-4e77i + 47717729/9771 + (2h - 
Z)r] 2 ) + C(4/?72 + 47717729/9772 + (2h + Z)r]i), where Z is the grading operator of 
SHO(3,3) with respect to its grading of type (2, 1, 1|0, 1, 1). Here sl 2 has gen- 
erators e — 7/29/9771, / — r\\djdr\ 2 and h + r] 2 d j dr\ 2 — r\\d j dr\\, where e, /, h is the 
Chevalley basis of the copy of sl 2 of outer derivations of SHO(3, 3) described 
in Remark 12.371 By Corollary 1 1.121 L is a maximal subalgebra of L. 

Example 10.7 Throughout this example, for every element P G C[[xi, x 2 , £3]], 
v{P) will denote the order of vanishing of P at 0. Let us hx the following set 
of elements of L: 

d/dxi, E, H, F, XiE, dxiAdXj, 
Vi, v 2 , XiV\, XiV 2l dxiAdxjVh, for i,j = 1,2,3, 

and let us set: 

v{d/dxi) = -1, u(E) = 0, v{H) = 0, u(F) = -2, i/foE) = 0, 

v{vi) = = ^(tj 2 ), v{xiV\) = 0, ^(a:^) = -1, 

v{dxi A (ixj) = v(d/dxk), v(dxi A dxjVh) — v{d / dxk), for i =/= j k, h = 1, 2. 

Let us consider the following filtration L = L- 2 D L-\ D Lq D . . . of L 
where 

(L.Oo - {X e W 3 1 > div(X) e C}+{X-^div(X)H\X e W 3 , v(X) > j 
and div(X) G C, or > j+l}+{X G W 3 |i/(X) > j+2}+(/£, /F G ft°(3)® 

*ia I v{fE) > j, v(fF) > 3) + {uj G ^(3) I > j}; 

= {/ G fi°(3)®C 2 1 > j}+{w7Ji g fi 2 (3)«)C 2 1 > j, div(X u ) G C} 
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+{ujv! € ft 2 (3)®C 2 I v{w) > j + l} + {u)V 2 e ft 2 (3)«>C 2 I v(X u ) >j, du = 0} 
+{ujv 2 G fi 2 «) C 2 | z/(X w ) > j + 2}. 

Then GVL has the following structure: 
{Gr 3 L)- Q = {X EW 3 \v{X) = j, div(X) G C}+{X--div{X)H \v{X) = j, div(X) 

G C}+{X-^div(X)H | i/pf) =j+l}/(X, X-^div{X)H \ div{X) G C)+{Ie 
W 8 , /i? G f2°(3) ® sl 2 \v{X) = j + 2 = u(fH)}/ (Y, X- ^div(X)H\div(Y) e C) 
+</£, /F g n°(3) <8> sl 2 | v{fE) = j = v(JF)) + {cue dn 1 | v{u) = j}; 

(GVjZ)i = {/ G 0°(3)<8)C 2 |^(/) = G fi 2 (3)®C 2 |i/(X w ) = j, div{X u )t 

C}+{w«i G 2 (3)®C 2 = j+l}/{wt;i|<Kt;(Jr w ) G C}+{uw 2 G ft 2 (3)®C 2 | 

i/(JT w ) - j, duj = 0} + {^w 2 G ft 2 (3) ® C 2 \v(X u ) =j + 2}/{ujv 2 \ duo = 0}. 

Note that Gr_ 2 L = (F,ujv 2 ), where u> G (xidxj A dxk) /dil 1 (3), is an ideal 
of GrL and GrL/Gr_ 2 L = SHO{3,3) ® A (171, 7/2) + &, with respect to the 
irreducible grading of type (1, 1, 1|0, 0, 0) of SHO(3,3) and deg?yi = 0, with 

b = c(d/drn) + c(d/d V2 ) + c(z + rnd/dm + 2^0/0^) + c( m d/d m ) + c(h + 

r]id/dr]i - rj 2 d/dr] 2 ) + C(3rjiri 2 -£^ - (2h + Z)r/ 2 ), where Z is the grading op- 
erator of SHO(3, 3) with respect to its grading of subprincipal type. It fol- 
lows that Gr>oL is not a maximal subalgebra of GrL, since it is contained in 
Gr>gL + Gr^ 2 L. Nevertheless, Lg is a maximal subalgebra of L, since, for every 
nontrivial subspace V of Gr^ 2 L, Lq + V generates the whole algebra L. 

Example 10.8 Let us fix the same set of elements as in Example lT0~o1 Through- 
out this example, for every P G C[[xi, x 2 , £3]], v(P) will denote twice the order 
of vanishing of P at 0. Besides, we set: 

v(d/dxi) = -2, v{E) = v{H) = u(E) = 0, v{ Xi E) = u( Xi H) = v{ Xi F) = -1, 

v{vx) = = u(v 2 ), u(xiVi) = -1 = v(x t v 2 ), 
v{dxi A dxj) = v(d j 'dx^, v{dxi A dxjVh) = v{d / dxj-) for i j =/= k, h — 1, 2. 
Let us consider the filtration L = L- 2 D L-i D Lq D . . . of L where: 

L 2j ={X €W 3 \ v{X) > 2j, div(X) G C} + {X G W3 I v{X) > 2j +4} + {g G 

n°(3)®sl 2 \v(g) > 2j} + {oj G dO 1 ^) I v(w) > 2j} + {f G 0°(3)®C 2 \v(f) > 2j} 
+ (ujv h G n 2 (3)®C 2 \ v{u) > 2j, div(X u ) g C) + {a g f7 2 (3)®C 2 | v{a) > 2j'+4}; 
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L 2j+1 = {X G W 3 | u(X) > 2j + 2, div(X) eC} + {X eW 3 , v{X) > 2j + 4} 
G n a (3)(g>sl 2 I v(g) > 2j + l} + {uj G dil 1 ^) \ v(u) > 2j + l} + {/ G 0°(3)® 
C 2 | v{f) > 2j + 1} + {ojv h G Q 2 (3) ® C 2 | > 2j + 2, cfo(X w ) G C) + {tie 

ft 2 (3)®C 2 | i/(tr) > 2j+4}. 

Then GrL has the following structure: 

Gr 2] L = {X G W 3 | = 2j, div(X) G C} + {.9 £ fi°(3)®sZ 2 | i>($) = 2j}+{cj 

G dSl\3) | i/(w) = 2j}+{/ G ft°(3)®C 2 | = 2j} + {ojv h e ft 2 (3)®C 2 | i/(JT w ) 

= 2j, div(X u ) G C); 

Gr 2j+1 L = {X G W3 | i/(JT) = 2j+4}/{X | div{X) G C} + {. 9 £ 0°(3)®^ 2 

= 2j+l}+{w G dn\3) I t/(w) = 2j+l}+{/ G ft°(3)®C 2 K/) = 2j+l}+(w« A e 

fi 2 (3) <g> C 2 I = 2j + 4>/(w« fc I di«(Xa,) G C). 

It follows that GrL = SHO(3, 3) (8 A(r/i, 772) + & with respect to the grading 
of type (2,2,2|1,1,1) on SHO{3,3) and degr/, = 0, with b = C(d/dr)i) + 
C(d/drj 2 ) + ah + C(Z + 3r?i d/drn + 3^0/d^) + C(3e m + 3^3 / 'drji + \{3h- 
z)t] 2 ) +C(— 3/772 + 3r]irj2d / di]2 + \{Z + 3/1)771), where Z is the grading operator 
of 5-ffO(3,3) with respect to its grading of type (2, 2, 2|1, 1, 1). Here s? 2 has 
generators e + ^d/dr/i, f + rjid/dri 2 and h + ^d/d^ — rjxd/drji, where e, /, h is 
the Chevalley basis of the copy of sl 2 of outer derivations of SHO(3, 3) described 
in Remark E33 

Recall that the Z-grading of type (2, 2, 2\1, 1, 1) is an irreducible grading of 
DerSHO{3,3) (cf. Theorem (hi)), therefore GrL is irreducible. It follows 
that Lq is a maximal subalgebra of L. 

Remark 10.9 Let T' = (aci#- - x 27 f-,x 27 f- - x 37 f-). 

1. Let us consider the odd elements XiVh for i = 1, 2, 3 and ft, = 1, 2. Then: 

- 2ii>h and Xj-Ufe have the same weights with respect to T" if and only if i = j; 

- XiVh and Vk have different T'-weights, for every i,h,k. 

2. For every i ^ j, the T"- weight of dxi A efccy: 

- is equal to the T'-weight of dxh A dx^ if and only if — {h, k}; 

- is different from the T'-weight of Vh and x^Vh for every /i, k. 
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3. The T'-weight of the vector field £ig§-, for i =/= j: 

- is different from (0, 0); 

- is equal to the T'-weight of £/ijj§^ if and only if = (h, k); 

- is different from the T'-weight of the vector field for every k; 

- is different from the T'-weight of any vector field X such that X(0) = of 
order 2; 

- is different from the T'-weight of any element xta for any a £ sfo- 

4. The elements E, F and H have T'-weight (0, 0). 

Theorem 10.10 Let Lq be a maximal open T' -invariant subalgebra of L = 
E(3, 8). Then Lq is conjugate either to a graded subalgebra of type (1, 1, 1, —1), 
(2, 1, 1, —2) or (2, 2, 2, —3), or to one of the non-graded subalgebras constructed 
in Examvles 1 1 0. ,*flD 0. Ln particular Lq is regular. 

Proof. We first notice that the even elements d/dxi + X + z such that X £ W3, 
X(0) = and z £ ft (3) ® SI2 + dO 1 (3) , cannot lie in Lq since they are not 
exponentiable. Likewise, no nonzero linear combination of the vector fields t^- 
lies in Lq. Up to conjugation, we may distinguish the following three cases: 

1. The elements v\ + f vi+gv2+uivi-\-av2 &ndv2+fvi+gv2+Luvi+av2 do not 
lie in Lq for any f,g £ f2°(3) such that /(0) = = g(0), and any u>,a £ O 2 (3) 
such that w(0) = = <r(0). 

2. The elements t>i + /«i + gt>2 + wvi + 0V2 and «2 + f'v\ + g'v2 + w'v\ + cr'«2 
lie in Lq for some f,g,f',g' £ fi°(3) such that /(0) = f (0) = = ,g(0) = g'(0) 
and some u,ct,u)',<t' € ft 2 (3) such that w(0) = w'(0) = = ct(0) = (t'(0). 

3. The element ui + fv\ + gv2 + u>vi + 0V2 lies in Lq for some /, g € O (3) 
such that /(0) = = g(0) and some u,cr £ 2 (3) such that w(0) = = cr(0), 
but the elements 1*2 + + 3^2 + u)'v\ + a'v2 do not lie in Lq for any f ,g' 
such that /'(0) = = g'(0) and any u/, a' £ ft 2 (3) such that u/(0) = = cr'(O). 

Let us analyze case 1. Two possibilities may occur: 
(la) The elements av\ + fiv% + fv\ + gv2 + uiVi + 0V2 do not lie in Lq for any 
u,fi £ C such that (a, [3) ^ (0,0), any f,g £ Q°(3) such that /(0) = = g(0), 
and any uj,ct £ f2 2 (3) such that w(0) = = cr(0). 

(lb) The element ui + j3v2 + fv\ + gV2 + u>Vi + 0V2 lies in Lq for some /3 £ C, 
^ ^ 0, some /,5 € 0°(3) such that /(0) = = ,g(0) and some tu,a £ fi 2 (3) 
such that w(0) = = er(0). It follows that «i — f3v 2 + f'v\ + g'vi + uj'vi + g'v 2 
does not lie in Lq for any f',g' £ r2°(3) such that /'(0) = = <?'(0) and any 
<t',oj' £ 2 (3) such that u>'(0) = = cr'(0). Therefore, up to a change of basis 
of C 2 , this is equivalent to case 3, that we will analyze below. 

Case 1. therefore reduces to case (la). Then two possibilities may occur: 
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(IA) The elements XiVi+fvi+gv 2 +ujvi+av 2 and Xii)2+fvi+gV2+uJVi+aV2 
do not lie in Lq for any i, any f,g G f2°(3) such that /(0) = = g(0) of order 
greater than or equal to 2, and any u, a G S7 2 (3) such that w(0) = = cr(Q). 

(IB) The element XiVk + f'vi + g'v 2 + w'v\ + <r'v2 lies in L for some i, k, 
some f',g' G Sl°(3) such that f'(Q) = = g'(0) of order greater than or equal 
to 2, and some oj',a' G f2 2 (3) such that lu'(0) = = er'(O). Up to conjugation, 
we can assume i = 1 and fc = 1, i.e., x\V\ + f'v\ + <?'«2 + lu'vi + cr'w2 G Lq. 

Let us first analyze case (IB). In this case the odd elements x 2 v 2 + f"vx + 
g"v 2 + oj"v\ + a"v 2 do not lie in Lq for any /", g" such that g"(0) = of order 
greater than or equal to 2 and /"(0) = 0, and any oj",a" G S7 2 (3) such that 
w"(0) = = c"(0). Indeed, if such an element lies in Lq, then Lq contains 
the element [x\Vi + f'vi + g'v 2 + oj'vi + a'v 2 ,x 2 v 2 + f'vx + g"v 2 + u>"vi + 
a"v 2 ] = + Y + z for some vector field Y such that Y(0) = and some 
z G f2°(3) ® s?2 + dfl 1 ^). But such an element cannot lie in Lq since it is not 
exponentiable. 

Likewise, X3V2 + f"vi+g"v 2 + uj"vi+<T"v 2 does not lie in Lq for any /",<?" G 
r2°(3) such that <?"(0) = of order greater than or equal to 2 and /"(0) = 0, 
and any oj", a" G ft 2 (3) such that w"(0) = = <r"(0). 

We distinguish two cases: 

(IBi) xi«2 + /fi + <?f2 + w«i + av 2 does not lie in Lq for any /, g such that 
/(0) = = g(0) of order greater than or equal to 2, and any w, cr G f2 2 (3) such 
that <D(0) = = 5(0). 

It follows that X1W2 + @X\Vi + fvi + gv 2 + ujv\ + av 2 does not lie in Lq for 
any j3 G C, any /, g such that /(0) = = g(0) of order greater than or equal to 

2, and any u), a G Sl 2 (3) such that tD(0) = = <r(0). 

Suppose that the even element F + JH + gE + X + Y + oj lies in Lq for 
some /, g G r2°(3) such that either / and g lie in C or /(0) = = .9(0) of order 
greater than or equal to 2, some X G W3 such that X(0) = of order greater 
than or equal to 2, some 7eT and oj G c?fi 1 (3). Then Lq contains the element 
[F + fH + gE + X + Y + oj, xiv t + f'vi + g'v 2 + oj'vi + <r'v 2 ] = x Y v 2 + $x\V\ + 
tpvi + ipv 2 + tvi + pv 2 for some [3 G C, some <p,ip such that (p(Q) = = ip(0), 
contradicting our hypotheses. By Remark 1 1U. 91 Lq is contained in the maximal 
graded subalgebra of type (1, 1, 1, —1), hence it coincides with it by maximality. 

(IBii) x\v 2 + fv\ + gv 2 + ojvi + av 2 lies in Lq for some /, g such that /(0) 
() = g(0) of order greater than or equal to 2, and some oj, a G il 2 (3) such that 
oj(0) = = cr(0). 

As a consequence, the elements a^ui + + <?"w2 + w"f 1 + &"v 2 and X3V1 + 
+ g"v 2 + oj"v x + a"v 2 do not lie in Lq for any f",g" such that /"(0) = 
of order greater than or equal to 2 and g"(0) = 0, and any uj",a" such that 
w"(0) = = a"{0). 

Now consider the elements Xi-^ + /j'-^-j + ^ + i5 for i ^ 1, where /j G 
fi°(3), fj(0) = of order greater than or equal to 2, Ay G sZ 2 , 5 G df2 1 (3), 
and y is a vector field such that y(0) = of order greater than or equal to 

3. If such an element lies in L , then the commutator [xi-^- + ^ fj-^j + Y + 
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S, x\Vi + f'vi + 9'v2 + u/vi + o'v 2 ] = X{V\ + ipv\ + ipV2 + tvi + pv2 lies in Lq, for 
some (p, ip G 0°(3) such that (p(0) = of order greater than or equal to 2 and 
V>(0) = 0, and some r, p G fi 2 (3) such that r(0) = p(0) = 0, contradicting our 
hypotheses. By Remark 1 10. 91 Lq is contained in the graded subalgebra of L of 
type (2, 1, 1, —2), thus coincides with it due to its maximality. 

Let us now go back to case (1A). Again, we distinguish two possibilities: 
(lAi) Lq does not contain any element of the form aXiVi+/3xiV2 + fvi+gv2 + 

ojvi + av 2 , for any i, any a,/3 G C, any /, g G S!°(3) such that /(0) = = g(0) of 

order greater than or equal to 2, and any oj, a G SI 2 (3) such that w(0) = = er(0). 
Then, using arguments similar to those used above and Remark I ID. 91 one 

shows that Lq is contained in the maximal graded subalgebra of type (2, 2, 2, —3), 

thus coincides with it due to its maximality. 

(lAii) Lq contains the element axiVi + (3xiV2 + fvi + gv2 + lov\ + av2 for 
some i, some a,/3 £ C such that {a.,(i) ^ (0,0), some f,g£ fi°(3) such that 
/(0) — = g(0) of order greater than or equal to 2, and some u>, u G il 2 (3) such 
that w(Q) = = o-(0). 

Up to conjugation, we can assume i = 1 and i.e., xi^i +/?xiV2 + + 

3^2 + dwi + (Tf2 G Lq. It follows that xiUi — l3x\V2 + f'vi + g"v2 + u)"vi + a"v 2 
does not lie in L for any f",g" such that /"(0) = = g"{0) of order greater 
than or equal to 2. Therefore, up to a change of basis, this case is equivalent to 
(IBi). 

Let us now consider Case 2. Arguing as above, one shows that, up to con- 
jugation, the following possibilities may occur: 

(2aj The elements XiV\ + fiV\ +giV2+uJiVi+aiV2 lie in Lq for every i = 1, 2, 3, 
some fi,cji G Sl°(3) such that /i(0) — = gi(0) of order greater than or equal 
to 2, and some u>i,ai G 2 (3) such that u>i(0) = = <7i(0) and the elements 
+ f'vi + g"v2 + + a"v2 do not lie in Lq for any i = 1,2, 3, any 
f",g" G £7°(3) such that g"(0) = of order greater than or equal to 2 and 
/"(0) = 0, and any uo",a" G 2 (3) such that w"(0) = = a"(0). Then L is 
the non-graded Lie superalgebra constructed in Example 1 10. 71 

(2b) The elements x\V\ + fvi+gv2+u>vi+av2 and xiV2+f"vi+g"v2+oj"vi + 
a"v 2 lie in Lq for some f,g,f',g" G Q°(3) such that /(0) = /"(0) = = g(0) = 
g"(0) of order greater than or equal to 2, and some a), ct, w", cr" G J7 2 (3) such that 
u>(0) = ui"(0) = = ct(0) = cr"(0) and the elements XiV\+(pvi+^pV2+TVi+ pv2, 
XiV2 + (f'vi + ip'v2 + tvi + pv2 do not lie in Lq for any i = 2,3, any ip, ip, ip', ip 1 G 
il° (3) such that <p(0) — = ^'(O) of order greater than or equal to 2 and 
p'(0) = = ip(Q), and any r,p G ^ 2 (3) such that r(0) = = p(0). Then Lq is 
the non-graded subalgebra of L constructed in Example 110. 61 

(2c) The elements x^i + f"v\ + g"v 2 + u)"vi + <j"v2, x t v 2 + f"v\ + g"v 2 + 
oj"vi + a"v2 do not lie in Lq for any i = 1,2,3, any f",g" G f2°(3) such that 
/"(0) = = g"(0) of order greater than or equal to 2, and any u", a" G il 2 (3) 
such that ui"(0) = = c"(0). Then Lq is the non-graded Lie subalgebra of L 
constructed in Example 1 10. 81 
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Likewise, in Case 3., one shows that, up to conjugation, the following cases 
may occur: 

(3a) The elements XiV± + fiVi+giV2+tiiVi+aiV2 lie in Lq for every i = 1,2,3, 
some fi,ffi E 0°(3) such that /i(0) = = gi(0) of order greater than or equal 
to 2, and some uii,^ E f2 2 (3) such that u>i(0) = = <7i(0) and the elements 
XiV2 + f'vi + g"v2 + lo"v\ + o~"v 2 do not lie in Lq for any i = 1,2,3, any 
f",g" E f2°(3) such that g"(0) = of order greater than or equal to 2 and 
/"(0) = 0, and any lu",<j"' E 2 (3) such that w"(0) = = cr"(0). Then L is 
the non-graded Lie superalgebra constructed in Example 1 10. 31 

(3b) The elements X1V1 + fvi+gv 2 +uJVi+av2 and XiV2+f"vi+g"v 2 +uj"vi + 
a"v 2 lie in Lq for some f,g,f',g" E fi°(3) such that /(0) = /"(0) = = g(0) = 
g"(0) of order greater than or equal to 2, and some a), cr, cj", cr" G !7 2 (3) such that 
w(0) = uj"(0) = = ct(0) = cr"(0) and the elements XiV\ +<pvi +^«2 +t«i +pv2, 
XiV2 + <p'v\ + ip'v2 + tvi + pv2 do not lie in Lq for any i = 2, 3, any tp, ip, ip', t/;' € 
fl (3) such that y(0) = = ^'(0) of order greater than or equal to 2 and 
^'(0) = = V(0), and any t, p E n 2 (3) such that r(0) = = p(0). Then L is 
the non-graded subalgebra of L constructed in Example 110.41 

(3c) The elements XiV\ + f'vi + g"v 2 + uj"vi + <r"v 2 , X{V 2 + f"v\ + g"v 2 + 
lo"vi + <r"v2 do not lie in Lq for any i — 1,2,3, any f",g" E Sl° (3) such that 
/"(0) = = g"{0) of order greater than or equal to 2, and any w", a" E SI 2 (3) 
such that ui"(0) = = &"(0). Then Lq is the non-graded Lie subalgebra of L 
constructed in Example 1 10. 51 □ 

Corollary 10.11 All irreducible gradings of E(3,8) are, up to conjugation, the 
gradings of type (1, 1, 1, -1), (2, 1, 1, -2) and (2, 2, 2, -3). 

Theorem 10.12 All maximal open subalgebras of L = E(3, 8) are, up to con- 
jugation, the following: 

(i) the graded subalgebras of type (1, 1, 1, —1), (2, 1, 1, —2), (2, 2, 2, —3); 

(ii) the non-graded regular subalgebras constructed in Examvles \10.3ll0.8l 

Proof. Let Lq be a maximal open subalgebra of L and let GrL be the graded Lie 
superalgebra associated to the Weisfeiler filtration corresponding to Lq. Then 
GrL has growth equal to 3 and size equal to 16, and, by Proposition 17. II it is 
of the form (|7.1|l . It follows, using Table 2, Remark 17.31 and Proposition 17.41 
that S = ffO(3,3), 5710(3,3), SKO(3, 4; (3), and n = 1,2,1, respectively, or 
S = S(3, 2), E(3, 8) and n — 0. Therefore GrL necessarily contains a torus T of 
dimension greater than or equal to 2, thus Lq contains a torus T of dimension 
greater than or equal to 2 which is the lift of T. In particular, the weights of T 
on L/Lq coincide with the weights of T on GrL/Gr>oL. Since L is transitive, 
these weights determine the torus T completely. Therefore we may assume, up 
to conjugation, that Lq contains the standard torus T' of S3. Now the statement 
follows from Theorem llO.lUI □ 

We conclude this section with an immediate corollary of the work we have 
done in Sections 2-10. It is assumed here that A(s),A(?7), etc, as well as a, b, 
etc, have zero degree. 
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Corollary 10.13 The following is a complete list of infinite- dimensional lin- 
early compact irreducible graded Lie superalgebras that admit a non-trivial sim- 
ple filtered deformation (listed in the parentheses at the beginning of each item): 

(H(2k,n + s)) H(2k,n) ® A(s) + H(0,s) with H(2k,n) having gradings of 
type (1, . . . , 1| 2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with t zeros and t 2's, for < t < 
[n/2]; 

(KO(n, n + 1)) HO(n, n) ® A(^) + a with HO(n, n) having gradings of type 
(1, . . . , 1|0, . . . ,0) and (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) with t zeros and 
t 2's, for0<t<n-2, where a = Cj^ + C{E - 2 + 2r)-§-) and E is the 
Euler operator; 

(SKO(n,n + l;f3)) SHO(n, n) <g> A(r?) + a for n > 3, with SHO(n,n) having 
gradings of type (1, . . . , 1|0, . . . , 0) and (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) 
witht zeros and t 2's, forO <t< n-2, where a = Cj|+C(£ , -2-/3ad($)+ 
277^) and $ = £ or a = C-^+C{E-2-[3ad{^)+2r,^)+C^ . . . £„; 

(SKO(2, 3; /3), (3 ^ 0) SHO(2, 2) ® A(rj) + a wif/i SHO(2, 2) having grading 
of type (1, 1|1, 1), wftere a = + C(E - 2 - f3ad{$) + 2 V JL) + 

(SHO~(n, n)) SHO'(n, n) with the gradings of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 
0, . . . , 0) with t zeros and t 2's, for < t < n — 2: 

(SKO~ (n, n + 1)) SKO'(n, n+1; (n+2)/n) with the gradings of type (1, . . . , 1| 
. . . , 0, 1) and (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0, 2) with t zeros and t + 1 
2's, for0<t<n~2; 

(SKO~ (n,n -\- 1)) SHO(n, n) ® A.(r)) + a with SHO(n,n) having gradings of 
type (1, . . . , 1, 2, . . . , 2|1, . . . , 1, 0, . . . , 0) with t zeros and t 2's, for < t < 
n~2, where a = C(-^-^..4 n ^ri) + C^..^ n + C(E-2 + ^ad(^) + 

2<); 

(£7(4, 4)) SHO{A, 4)+CE, where E is the Euler operator, with SHO(A, 4) hav- 
ing gradings of type (1,1,1,2(1,1, 1, 0), (1, 1, 2, 2|1, 1, 0, 0), and (1,1,1,1 
0,0,0,0); 

(£(3,8)) SKO(3,4; -1/3) <g> A(£) + a, where a = + C(Z + f^) and 
Z is the grading operator, with SKO(3, 4; — 1/3) having gradings of type 
(1,1,1|1, 1,1,2), (2,1,1(0,1,1,2), (1,1,1|0,0,0,1); 

(£7(3,8)) SHO(3,3) <g> A(2) + b with SHO(3,3) having gradings of type 
(2,1,1|0, 1,1), (1,1,1(0,0,0), (2,2,2|1,1,1), where b is the finite-dimen- 
sional subalgebra of Der(SHO(3,3) <g> A(2)) described in Examvles MU.bX 
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11 Invariant maximal open subalgebras and the 
canonical invariant 



Given a linearly compact Lie superalgebra L, we call invariant a subalgebra of L 
which is invariant with respect to all its inner automorphisms, or, equivalently, 
which contains all exponentiable elements of L. 

In order to obtain all invariant maximal open subalgebras of all linearly 
compact infinite-dimensional simple Lie superalgebras L, we take the list of 
all maximal open subalgebras of L, up to conjugation by G (obtained in the 
previous sections), select those which contain all exponentiable elements of L, 
and then apply to each of them the subgroup of G of outer automorphisms. 
This leads to the following 

Theorem 11.1 The following is a complete list, up to conjugation by G, of in- 
variant maximal open subalgebras in infinite- dimensional linearly compact sim- 
ple Lie superalgebras L: 

(a) the graded subalgebras of principal type in L ^ S KO(2, 3; 0), SHO"~ (n,n) 

or SKO~{n,n + 1); 

(b) the non-graded subalgebra L (n) in SHO~(n,n) and SKO~(n, n+ 1), con- 

structed in Examvles \5 ."A and \5.i^ resvectivelv: 

(c) the graded subalgebras of subprincipal type in W{m,l), S(m,l), H(m,2), 

K(m, 2), KO(2, 3), SKO{2, 3; f3), SKO(3, 4; 1/3); 

(d) the graded subalgebra of type (1, 1 — 1, —1, 0) in SKO{2, 3; (3) for (3 ^ 1; 

(e) the non-graded regular subalgebra L Q (0) in H(m, 1), constructed in Example 

HI 

(/) the graded subalgebra of type (2, 1, . . . , 1|0, 2) in K(m,2) and the graded 
subalgebra of type (1, . . . , 1|0, 2) in H(m, 2). 

Next theorem follows from our classification of maximal open subalgebras and 
Theorem EH 

Theorem 11.2 (a) In all infinite- dimensional linearly compact simple Lie su- 
peralgebras L ^ SKO{i, 4; 1/3) there is a unique, up to conjugation by auto- 
morphisms of L, subalgebra of minimal codimension. These are the subalgebras 
listed in Theorem FTP (a) and (b) if L ^ KO(2,3), SKO(2,3; (3), and the 
graded subalgebra of subprincipal type in KO{2,3) and SKO(2,3] f3). 

(b) If L ^ W{l,l), 5(1,2), 5^0(3,3) and SKO(3,4; 1/3), L contains 
a unique subalgebra of minimal codimension. In L = W(l, 1), S(l,2) and 
SHO(3,3), subalgebras of minimal codimension are invariant with respect to 
inner automorphisms and are conjugate by outer automorphisms of L. 

(c) L = SKO(3, 4; 1/3) contains two subalgebras of minimal codimension 
which are not conjugate by an automorphism of L; these are the subalgebras of 
principal and subprincipal type. 
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Remark 11.3 Let L be an infinite-dimensional linearly compact simple Lie 
superalgebra. If L = W(l, 1) the subalgebras of principal and subprincipal 
type, which are invariant with respect to inner automorphisms, are permuted 
by an outer automorphism of L. If L = S(l,2) or SHO(3,3), then L has 
infinitely many invariant subalgebras: these subalgebras have minimal codi- 
mension and are permuted by an ST^-copy of outer automorphisms of L. If 
L = SKO(2, 3; 1) then L has a unique invariant subalgebra of minimal codi- 
mension (the subalgebra of subprincipal type) and infinitely many invariant 
maximal open subalgebras of codimension (2|3), which are permuted by an 
>SZ/2-copy of outer automorphisms of L. If (3 ^ 0, 1, the subalgebras of principal 
type of SKO{2 1 3; (3) and its graded subalgebra of type (1, 1 — 1, —1, 0), which 
are invariant with respect to inner automorphisms, are permuted by an outer 
automorphism of SKO(2, 3; (3). If L = K(m,2) (resp. H(m,2)) the subalgebra 
of subprincipal type, which is invariant with respect to inner automorphisms, is 
conjugate by an outer automorphism to the subalgebra of type (2, 1, ... , 1|0, 2) 
(resp. (1, . . . , 1|0, 2)). In all other cases all invariant maximal open subalgebras 
of L, listed in Theorem lll.il are invariant with respect to all automorphisms of 
L. 

Let L be an infinite-dimensional linearly compact simple Lie superalgebra 
and let Lq be a maximal open subalgebra of L. In the introduction we defined 
the subspace ~k(Lq) of V = L/Sq, where Sq is the canonical subalgebra, defined 
as the intersection of all subalgebras of minimal codimension. Since So contains 
all exponentiable elements of L and all even elements of Lq are exponentiable, 
we conclude that tt(Lq) is an abelian subspace of V\. 

Denote by G the linear subgroup of GL(Vi) induced by the action of G on L, 
and by II the map from the set of conjugacy classes of open maximal subalgebras 
of L to the set of G-orbits of abelian subspaces of V\ . Recall that the G-orbit 
of tt(Lq) is called the canonical invariant of Lq. 

We list below in all cases the linear group G, all its orbits of abelian sub- 
spaces of Vj , and those of them which are canonical invariants of maximal open 
subalgebras. When L = W(l, 1), S(l,2), SHO(3,3) or 5^0(3,4; 1/3), we will 
describe the canonical subalgebra of L. In all other cases, since L has a unique 
subalgebra of minimal codimension, this will be its canonical subalgebra. 

(1) L = W(l,l). L has two invariant subalgebras of minimal codimension: 
the graded subalgebras of principal and subprincipal type. It follows that the 
canonical subalgebra of L is its graded subalgebra of type (2|1). Therefore 
V i = (3?.£&> with the symmetric bilinear form (^, ^) = 0, = 0, 

(Jf = 1' ana * ^ ne abelian subspaces of V\ are its isotropic subspaces; 
G = C x x C x . 

If Lq is the graded subalgebra of L of type (1|1) then tt(Lq) = (C^:); if Lq 
is the graded subalgebra of L of type ( 1 1 0) then tt(Lq) — It follows from 

Theorem 12 . 31 that the map II is injective but it is not surjective since the orbit 
of the trivial subspace of V\ is not in the image of II. 
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(2) L = 5(1, 2). L has infinitely many invariant subalgebras of minimal codi- 
mension whose intersection is the graded subalgebra of type (2|1,1) which is, 
therefore, the canonical subalgebra of L (cf. Remark I2.12fl . It follows that 
Vl = (Wi'Tk^ 1 ^^ 2 ^ with the s y mmetric bilinear form (^-, ^-) = 0, 
te^S'^'sl) = 0> (;j|~j£jg|) — the abelian subspaces of Vj are its isotropic 
subspaces and G — <C* SOa- The orbit of an /i-dimensional isotropic subspace 
of Vj is determined by h if h < 2; besides, there are two orbits of maximal 
isotropic subspaces: the orbit of the subspace (^1^162^) an d the orbit of the 
subspace (^,£1 J^}- 

If Lq is the graded subalgebra of L of type (1|1, 1) then tt(Lq) — (£i-§^, £2 
if L is the graded subalgebra of L of type (1|1, 0) then 7r(L ) = It 
follows from Theorem l2.13f b') that the map II is injective, but it is not surjective: 
its image consists of the orbits of the maximal isotropic subspaces of Vj . 

(3) L = W(m,n) with (m,n) ^ (1,1), or S(m,n) with (m,n) / (1,2). Vj = 
(^j-, . . . , tj|-} , G = GL rl (C), any subspace of Vj is abelian and its G-orbit is 
determined by the dimension. 

If L is the graded subalgebra of L of type (1, . . . , 1|1, . . . , 1, 0, . . . , 0) with k 
zeros, for some k — 0, . . . ,n, then tt(L ) = a , . . . , By Theorems 

I2.3l and l2.13f a'). the map II is bijective. 

(4) L = K{m, n): we identify K{m, n) with A(rn, n). Therefore Vj = (fey, . . . , 
£ n ) with symmetric bilinear form (&,£,•) = 5j i7J ,_,-_|_x i the abelian subspaces of 
Vj are its isotropic subspaces, and G = C X 50„(C). The G-orbit of any abelian 
subspace of Vj is determined by the dimension k of the subspace unless n = 2h 
and k = h. If n = 2h there are two distinct G-orbits of /i-dimensional isotropic 
subspaces. 

Let L — K(l, 2h): if L is the graded subalgebra of L of type (1|1, . . . , 1, 0, . . . , 
0) with h zeros, then n(L ) = (£1, . . . , ^); if L is the graded subalgebra of L of 
type (1 j 1, . . . , 1,0, 1,0, . . . ,0) with h zeros, then n(L ) = (£1, . . ■ ,£,h-i,0i+i); if 
L is the graded subalgebra of L of type (2|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) with s + 1 
2's and s zeros, for some s = 0, . . . , h — 2, then 7r(Lo) = • • • , £s}- Therefore, 
by Theorem 12.31f t) . all possible images of tt are the isotropic subspaces of Vj 
except those of dimension h — 1, and II is injective. 

Let L — K(2k + 1, n) where n is odd and k = 0, or n is arbitrary and fc > 0: 
if Lo is the graded subalgebra of L of type (2, 1, . . . , 1|2, . . . , 2, 1, . . . , 1, 0, . . . , 0) 
with s + 1 2's and s zeros, for some s = 0, . . . , [n/2], then 7r(Lo) = • • • , £s)- 
Iin = 2h the graded subalgebra of L of type (2, 1, . . . , 1| 2, . . . , 2, 0, 2, 0, . . . , 0), 
with h zeros and h + 1 2's, is not conjugate to the graded subalgebra of type 
(2, 1, . . . , 1|2, . . . , 2, 0, . . . , 0) with h zeros and h + 1 2's, and its image through 
7r is the subspace (£1, . . . , £h-i, 61+1)' By Theorem l2.31f M) and l2.3lf TO~). II is 
bijective. 

(5) L = SHO(3, 3): we identify L with the set of elements in {/ € A(n, n)/Cl| 
A(/) = 0} not containing the monomial ^i^2^3, with reversed parity. L has in- 
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finitely many invariant subalgebras of minimal codimension whose intersection 
is the subalgebra of type (2, 2,2|1, 1, 1) which is, therefore, the canonical sub- 
algebra of L (cf. Remark f2.38|l . It follows that V\ — (x,\, X2, %3, £i£3, £2^3) 
and G = SL 3 x GL 2 - Consider the map ip : S 2 V\ — ► | i = 1, 2, 3} given by 
ip(xj <8> x k ) = 0, ipfetj ® CfcCfe) = 0, ® CiCfe) = ^iiCfc - <*ifc£r A subspace 
of Vj is abelian if and only if ip(a (g> b) = for any pair of elements a, b of this 
subspace. It follows that the G-orbits of the non-trivial abelian subspaces of Vj 
are the orbits of the following subspaces: (xi), {xx,x%), (x\, ^2^3)1 ( x ii x 2i x a}- 
If Lo is the graded subalgebra of L of type (1, 1, 1|1, 1, 1), then tt(Lq) — 
(^1^2, ^1^3, ^2^3); if Lq is the graded subalgebra of L of type (1, 1, 2|1, 1,0), 
then tt(Lo) = (£162, £3)- By Theorem I2.42f bh the map II is injective but not 
surjective. Indeed its image does not contain the orbit of the trivial subspace, 
that of the one-dimensional subspaces and that of the subspace (x\, x-z). 

(6) L = HO(n,n) (resp. L — SHO(n,n) with n > 3): we identify HO(n,n) 
with A(n, n)/Cl with reversed parity, and SHO(n,n) with the set of elements 
in {/ e A(n, n)/Cl | A(/) = 0} not containing the monomial ^1 . . . £ n . Then 
V\ = (xi, . . . , x n ) , G = GL n (C), any subspace of V\ is abelian and its G-orbit 
is determined by the dimension. 

If Lq is the graded subalgebra of L of type (1, . . . , 1|0, . . . , 0), then tt(Lq) = 
(aci, . . . , x n ); if Lq is the graded subalgebra of L of type (1,...,1,2,...,2|1,...,1, 
0, . . . , 0) with n — s 2's and n — s zeros, for some s = 2, . . . , n, then tt(Lq) = 
(x B +i, . . . , x n ). By Theorem 12 .42f al . the image of ir consists of all subspaces of 
(xi, . . . , x n ) except those of codimension 1, and the map II is injective. 

(7) L = H(2k,n): we identify L with A(2fc,n)/Cl. Then V\ = (€i,-'-,£n) 
with the bilinear form (£,,£/) = S^n-j+x (cf. Example 13. 3|) . G = C x S'O rl (C), 
and any subspace of V\ is abelian. Let S be a subspace of V\ and let S = S°®S 1 
where S° is the kernel of the restriction of the bilinear form (•, •) to S. Let 
Si = dim(5 4 ). Then the G-orbit of 5 is determined by the pair (sq,s±) unless 
Si = 0, n is even and sq = n/2. If n is even then there are two distinct orbits 
of maximal isotropic subspaces of V\ . 

If Lq = Lq(U) is the maximal open subalgebra of L constructed in Example 
1531 then tt(L (U)) = U° + (U 1 )' . By Theorem l3~T0l and Remark l3~l the map 
II is bijective. 

(8) L = KO(2,3): we identify L with A(2,3) with reversed parity. The 
canonical subalgebra of L is its subalgebra of subprincipal type. Therefore 
V\ — (1,^1^2) and any subspace of V\ is abelian. G is the subgroup of GL 2 {C) 
consisting of upper triangular matrices, thus there are four G-orbits of abelian 
subspaces in Vj: the orbit of the zero-dimensional subspace, the orbit of the 
two-dimensional subspace, the orbit of the one-dimensional subspace (1) and 
the orbit of the one-dimensional subspace (^1^2)- 

If Lq is the subalgebra of L of principal type or the subalgebra of subprincipal 
type, then tt(L ) = (£1^2} or tt(Lq) = (0), respectively; if Lq is the subalgebra 
constructed in Example 14. 71 then tt(Lq) = (1); finally, if Lq(2) is the subalgebra 
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constructed in Example |4.8I then ir(L (2)) = (l,£i6). By Theorem 14.121 the 
map II is bijective. 

(9) L = SKO(2,3;f3) with /3 jt 0, 1. The canonical subalgebra of L is its 
subalgebra of subprincipal type. Therefore V\ — (1,66); any subspace of V\ 
is abelian and G is the subgroup of GL2(C) consisting of diagonal matrices. It 
follows that there are five G-orbits of abelian subspaces in V\: the orbit of the 
zero-dimensional subspace, the orbit of the two-dimensional subspace, the orbit 
of the one-dimensional subspace (1), the orbit of the one-dimensional subspace 
(66); an d the orbit of the one-dimensional subspace (1 + 66)- 

Ifio is the subalgebra of L of type (1,1|0,0,1), (1,1|1,1,2), (1, 1| — 1, —1, 0), 
then 7r(L ) = (0), n(L ) = (66); tt(-^o) = (1)> respectively; if Sq(2) is the 
subalgebra of L constructed in Example 14.211 then 7r(So(2)) = (1,66)- By 
Theorem 14 . 2 4f 0,^) . the map Id is injective but not surjective, since its image does 
not contain the orbit of the subspace (1 + 66)- 

(10) L — SKO(2,3;l). The canonical subalgebra of L is its subalgebra of 
subprincipal type. Therefore V\ — (1,66); any subspace of V% is abelian and 
G = GL2 ■ It follows that the G-orbit of an abelian subspace of V\ is determined 
by its dimension. 

If L is the subalgebra of L of type (1, 1|0, 0, 1) or (1, 1|1, 1, 2), then tt(L ) — 
(0) or ir(L ) — (66); respectively; if 5*0(2) is the subalgebra of L constructed 
in Example then tt(5 (2)) = (1,66.). By Theorem KM b). the map n is 
bijective. 

(11) L = SKO(2,3;0). The canonical subalgebra of L is its subalgebra of 
subprincipal type. Vj = (1) and any subspace of V\ is abelian; G — C x . It 
follows that there are two G-orbits of abelian subspaces in V\ : the orbit of the 
zero-dimensional subspace and the orbit of the one-dimensional subspace. 

If L Q is the subalgebra of type (1,1|0,0, 1), then n(L ) = (0); if L is the 
subalgebra of type (1,1| - 1,-1,0), then n(L ) is (1). By Theorem KM c) . U 
is bijective. 

(12) L = SKO(3, 4; 1/3). L has 2 subalgebras of minimal codimension: the sub- 
algebras of principal and subprincipal type. These subalgebras are not conjugate 
since the grading of principal type has depth 2 and the grading of subprincipal 
type has depth 1. The canonical subalgebra is, by definition, the graded subal- 
gebra of type (2,2,2|1, 1, 1,3), therefore V\ = (1, xi, x 2 , x 3 , 66, £162) with 
the nontrivial filtration: V\ — V-3 D V—i where V—i — (xi, X2, X3, 66) 661 

66)- G — C X G' where G' consists of matrices f ° ^ ~\ where c is an arbi- 
trary 6x1 matrix and a belongs to the subgroup of GLq (C) consisting of matrices 
1 such that A G SLs(C) and a € C. Here C x acts on g_i = V-% 

by multiplication by a scalar A and on g_3 = V—s/V—i by multiplication by 
A 3 . Consider the map ip : S 2 V~i — > (6 \ i = 1,2,3) given by: -0(1 ® a ) — 



\\*A A) 
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for a e Vi, ip{xi ® Xj) = = V(&6 <8> 66), V^i ® 66) = <%6 - 5ik£j- A 
subspace of V\ is abelian if and only if ijj{a ® 6) = for any pair of elements 
a, 6 of this subspace. It follows that the G-orbits of the nontrivial abelian sub- 
spaces of V\ are the orbits of the following subspaces: (1), (xx), (66), (1,2:1), 

(1)66)) (2:3,66)) (£1,2:2), (66,66), (1,2:1, 2T 2 ), (1,66,66), (2:1, 2:2, 2:3), 
(66,66,66), (1,66,2:3), (1,2:1,2:2,2:3), (1,66,66,66)- 

If L is the subalgebra of type (1, 1, 1|0, 0,0, 1), (1, 1, 1|1, 1, 1, 2), 
(1, 1,2(1,1,0,2), then n(L ) = (x 1 ,x 2 ,x 3 ), n(L Q ) = (66,66,66), tt(L ) = 
(2:3,66), respectively; if 5 is the subalgebra of L constructed in Example 
14.201 then ^(^o) = (1, xx, x%, X3); if 5*0(2) and 5*o(3) are the subalgebras of 
L constructed in Example 14.211 then 7r(5o(2)) = (1,66,2:3) and ir(So(3)) = 
(1)66,66)66)- By Theorem I4.24f (fl. the map II is injective but not surjec- 
tive. 

(13) L = KO(n,n + 1) with n > 2 (resp. L = SKO(n,n + l;/3) with n > 3 
and (3 7^ 1/3 if n = 3). V\ — (1,2:1, ■ • • ,x n ). In this case V\ has a nontrivial 
filtration: V\ = V- 2 D V-i where V-x = (x, | i = 1, . . . , n); G = C x G" where 



n x 1 matrix. Here C x acts on g_i = V_i by multiplication by a scalar A (resp. 
er 1-/3 ) and on g_ 2 = ^-2/^-1 by multiplication by A 2 (resp. cr 2 ). Any subspace 
of Vj is abelian. For any fc e N, 1 < fc < n, there are two G-orbits of abelian 
subspaces of Vj of dimension fc: one containing 1 and the other contained in 

(xi , . . . , Xn ) - 

Let L = KO(n,n + 1) with n > 2: if Lo is the graded subalgebra of type 
(1, . . . , 1|0, . . . , 0, 1) then 7r(L ) = (2:1, ... , x n ); if L is the graded subalgebra 
of type (1, . . . , 1, 2, . . . , 2|1, . . . , 1,0, . . . ,0, 2) with n — t + l 2's and n — t zeros, 
for some t — 2, ...,n, then tt(Lq) = (xt+i, . ■ . , x n )\ if Lo is the subalgebra 
of L constructed in Example 14.71 then tt(Lq) = (l,xi, . . . ,x n ); if Lo(t) is the 
subalgebra of L constructed in Example 14. 8 1 for some t = 2, . . . , n, then tt(Lq) = 
(1,2:4+1, . . . ,x n ). 

By Theorem 14.121 the image of ir consists of all subspaces of (xi, . . . ,x n ) 
except those of codimension 1, and of all subspaces of (l,x\, . . . , x n ) containing 
1 except those of codimension 1. By Theorem 14 . 241 the same description of the 
image of 7r holds for L = SKO(n, n + l;/3) with n > 2. The map II is therefore 
injective but not surjective. 

(14) L = SHO" '(n,n). V\ — (xx, . . . , x n ); G = SL n ; any subspace of V\ is 
abelian and its G-orbit is determined by the dimension. 

If L is the graded subalgebra of type (1, . . . , 1|0, . . . , 0) then tt(Lq) = (xx, ■ ■ ■ , 
x n ); if L (t) is the maximal open subalgebra of L constructed in Example 15.21 
for some t = 2, . . . ,n, then ir(L (t)) — (x t+ i, . . . , x n ). 

By Theorem l5.4l the image of 7r consists of all subspaces of (xx, ■ ■ ■ , x n ) except 
those of codimension 1. Therefore the map II is injective but not surjective. 




1 



c 



) 



with a £ GL n (C), and where c is an arbitrary 
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(15) L = SKO~(n,n+l). V\ = . . . ,x n ). As in the case of KO(n,n+l), 
V\ has a nontrivial filtration: V\ = V-2 D V—\ where V-i = (x{ \ i = 1,. . . , n); 

G = C X G" where G' consists of matrices ( ^ ^ ^ with a S SL n (C), and where 

c is an arbitrary nxl matrix. Here C x acts on g_i = V_i by multiplication by 
a scalar cr~ 2 / Tl , and on g_2 = V^/Vli by multiplication by a 2 . The description 
of the G-orbits of the abelian subspaces of V\ is the same as for SKO(n, n + 
1; (n + 2)/n) with n > 2. 

If I/o is the subalgebra of L constructed in Example 15.71 then w(Lo) — 
(xi,...,x n ); if L (t) is the subalgebra of L constructed in Example l5.8l for some 
t = 2, . . . ,n, then tt(Lo(£)) — (^i+ij ■ ■ • > ^n); if So (^) is the subalgebra of L con- 
structed in Example l5.9l for some t = 2, . . . , n, then ir(So(t)) = (1, x t+ i, . . . , 

By Theorem 15.111 all possible images of it are all subspaces of (x%, . . . , x n ) 
except those of codimension 1, and all subspaces of (1, X\, . . . , x n ) containing 1 
except those of codimension 1 and 0. The map II is therefore injective but not 
surjective. 

(16) L = E(l, 6). Vi, G and the G-orbits of the abelian subspaces of V\ are the 
same as for if (1,6). 

If L is the graded subalgebra of type (2|1, 1, 1, 1, 1, 1), (1|1, 1, 1,0,0,0), 
(1|1, 1,0, 0,0,1), (112, 1,1, 0,1,1), then tt(L ) - (0), and 
respectively. Therefore, by Theorem 17.51 all possible images of ir are (as 
for L = K(l, 6)) all isotropic subspaces of V\ except those of dimension 2. The 
map II is therefore injective but not surjective. 

(17) L = £7(3, 6). Vi = (a i:j := dx lVj \ i = 1, 2, 3 , j = 1, 2); G = GL 3 (C) x 
SL 2 (C) acting on Vy ~ C 3 ® C 2 . Consider the map ip : S 2 Vi -> = 1, 2, 3), 
given by ip(aij<g>a rs ) = e(irk)e(js)j^-, where e is the sign of the permutation irk 
(resp. js) if all i,r, k (resp. j, s) are distinct and e = otherwise. A subspace 
of V\ is abelian if and only if ip(a ® b) =0 for any pair of elements a, b of this 
subspace. 

By Theorem I7.6I all maximal open subalgebras are graded, and they are, up 
to conjugation, the subalgebras of type (2,2,2,0), (2,1,1,0) and (1,1,1,1/2), 
so that the corresponding abelian subspaces are 0, (an, 012} and (an, aai, 031), 
respectively. Therefore all possible non-zero images of ir are given by all maximal 
abelian subspaces of V\. Thus, the map II is injective, but not surjective, as the 
remaining two G-orbits of abelian subspaces, that of (an) and (an, 021), are 
missing. 

(18) L = £7(5, 10). Vi = (qij := dx t A dxj \ i,j = 1,2,3,4,5), G = GL 5 (C), 
acting on V% ~ A 2 C 5 . Consider the map (p : S 2 V\ — > (-^r\i — 1, . . . , 5), given 
by ip(qij ®g rs ) = e(ijrsk)-^- , where as before, e is the sign of the permutation 
ijrsk if all i,j,r,s,k are distinct and e = otherwise. A subspace of Vj is 
abelian if and only if <p(a ® b) = for any pair of elements of this subspace. 
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By Theorem l8.5l all maximal open subalgebras are graded, of type (2, 2, 2, 2, 2), 
(3,3,2,2,2), (2,2,2,1,1) and (2,1,1,1,1), up to conjugation, so that the cor- 
responding abelian subspaces of Vj are 0, (912), (912,913,923) and (qij\j — 
2,3,4,5), respectively. Thus the map II is injective, but not surjective, as the 
remaining two G-orbits of abelian subspaces, that of (912, 913) and (912, 913, 914), 
are missing. 

(19) L = £(4,4). Vi = {dxi I i = 1,2^3,4); G = GL 4 (C) acting on V% = C 4 . 
Any subspace of Vj is abelian and its G-orbit is determined by the dimension. 

If L is the graded subalgebra of L of type (1,1,1,1), then ir(L ) = (0); 
if Lq is the maximal open subalgebra of L constructed in Examples 19.219.31 
and 19.41 then tt(Lq) — (dxi), tt(Lo) — (dxi,dx 2 ), and tt(Lq) = (dxi \ i — 
1, 2, 3, 4) respectively. By Theorem 19 .91 all possible images of tt are all subspaces 
of V\ except those of codimension 1. Therefore the map II is injective but not 
surjective. 

(20) L = E(3, 8). V% = {vi,V2,XiVi,XiV2 i = 1, 2, 3) has a nontrivial filtration: 
Vj = V-3 D V-i where V-\ — (9^ := XiVj \ i = l,2,3,j = 1,2). We can 
give the following description of abelian subspaces of Vj: consider the map 
<p : S 2 V-i -> (g|r|i = 1,2,3), given by ^(cfo- ® q rs ) = e(irk)e{js)-£^ , where, as 
for L = E(3, 6), e is the sign of the permutation irk (resp. js) if all i, r, k (resp. 
j, s) are distinct and e = otherwise. A subspace of V\ is abelian if and only if 
if (a ® b) = for any a, b from this subspace. 

G = C x (SL3 x SL2) acts on V\ as follows: C x acts on g_i = V-i by multi- 
plication by a scalar A and on g_ 3 = V-3/V-1 by multiplication by A 3 ; SL 3 acts 
trivially on g_ 3 and it acts on g_i = C 3 ® C 2 as on the direct sum of two copies 
of the standard S , L 3 -module; finally, SL 2 acts on g_ 3 as on the standard SL 2 - 
module and it acts on g_i as on the direct sum of three copies of the standard 
Si^-module. 

If I/o is the graded subalgebra of type (2, 2, 2, —3), (2, 1, 1, —2), or (1, 1, 1, —1), 
then tt(Lq) = (0), (xiVi, #1^2), or (xiVi \ i = 1,2,3), respectively; if Lq is the 
maximal subalgebra of L constructed in Example llO.31 UTTll 111). 51 110.61 110.71 or 

110.81 then tt(L ) = (vi,XiVi \ i = 1,2,3), (vi, X\Vx, X1V2}, (vi,XiV 2 \ i = 1,2,3), 
(v 1 ,v 2 ,x 1 v 1 ,x 1 v 2 ), {v 1 ,V2,x i v 1 I i= 1,2,3), or (ui,i> 2 ), respectively. 

Therefore, by Theorem ll0.12l all possible images of tt are the subspace (vi, v 2 ) 
and every subspace S of V\ such that S f) V-i is a maximal abelian subspace of 
V-i- It follows that the map II is injective but not surjective. The G-orbits of the 
following abelian subspaces of V\ are missing: (vi), (x\vi), (vi,xivi), (vi,x±v 2 ), 
(xivi,x 2 vi), (vi,v 2 ,xivi), {vi,xiVi,X2Vi}, (v 2 ,xivi,x 2 vi), (vi,v 2 ,xivi,x 2 vi). 

We conclude by listing the maximal among ao-invariant open subalgebras of 
S which are not maximal and also those maximal open subalgebras of S, none 
of whose conjugates is ao-invariant. The lists follow from Theorems 12. 171 12.181 

EMEMEMEM and ion 
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Theorem 11.4 Let S be an infinite- dimensional linearly compact simple Lie 
superalgebra and let ao be a subalgebra of the subalgebra a of outer derivations 
ofS. 

(a) A complete list of pairs (5o,0o) where Sq is an open, maximal among the 
a,Q-invariant subalgebras of S , which is not maximal, is as follows: 

- S = S(l, 2), Sq is the canonical subalgebra, ao = a = SI2; 

- S = SHO(3, 3), So is the canonical subalgebra and ao = sl%, or ao = a = gli', 

- S = SKO(2, 3; 0), So is the subalgebra of principal type or Sq is the subalgebra 

Sq(2) constructed in Example \4.21\ and ao = C£i£2 or ao = a (Him a = 2). 

(b) A complete list of pairs (ao,So) where Sq is a maximal open subalgebra of 
S, none of whose conjugates is ag-invariant, is as follows: 

- S = S(l, 2) or S = SKO(2, 3; 1): ao = a = sl% and Sq is the graded subalgebra 

of S of principal type; 

- S — SHO(3,3): ao = SI2 or ao = a = gli and Sq is the graded subalgebra of 

S of principal type; 

- S — S(l,n) with n > 3: ao = C^i . . -Cngf- or ao = a (dim a = 2), and Sq is 

the graded subalgebra of S of type (1|0, . . . , 0); 

- S — SHO(n,n) with n > 4; ao = C£i . ,.£ n x t where t is a torus of a 

(dim a = 3), and Sq is the graded subalgebra of S of type (1, . . . , 1|0, . . . , 0); 

- S — SKO(2, 3; 0): ao = C£i£2 or ao — a (dim a = 2), and Sq is the subalgebra 

of type (1, 1 1 0, 0, 1) or the subalgebra of type (1, 1| — 1, —1, 0); 

- S = SKO(n, n + l;(n — 2)/n) with n > 2: ao = C£i . . .£„ or ao = a (dim a = 

2), and Sq is the graded subalgebra of S of type (1, . . . , 1|0, . . . , 0, 1) or the 
subalgebra S' constructed in Example \4-2(J[ 

- S = SKO{n,n + 1; 1) with n > 2: ao = C£i . . . £„r or ao = a (dim a = 2), 

and Sq is the subalgebra S' constructed in Example \4-B(J\ 



References 

[1] D. Alekseevsky, D. Leites, I. Shchepochkina Example of simple 
infinite- dimensional Lie superalgebras of vector fields, C. R. Acad. Bulg. 
Sci. 33(9), 1187-1190 (1980). 

[2] B. Bakalov, A. D'Andrea, V. G. Kac Theory of finite pseudoalgebras, 
Adv. Math. 162, 1-140 (2001). 



97 



[3] R. E. Block Determination of the differentiably simple rings with a min- 
imal ideal, Ann. Math. 90(2), 433-459 (1969). 

[4] R. J. Blattner A theorem of Cartan and Guillemin, J. Diff. Geom. 5, 
295-305 (1970). 

[5] E. Cartan Les groupes des transformations continues, infinis, simples, 
Ann. Sci. Ecole Norm. Sup. 26, 93-161 (1909). 

[6] N. Cantarini, S.-J. Cheng, V. G. Kac Errata: Structure of some Z- 
graded Lie superalgebras of vector fields, Transf. Groups 9, 399-400 (2004). 

[7] N. Cantarini, V. G. Kac Automorphisms and forms of simple infinite- 
dimensional linearly compact Lie superalgebras, In preparation. 

[8] S.-J. Cheng Differentiably simple Lie superalgebras and representations 
of semisimple Lie superalgebras, J. Algebra 173, 1-43 (1995). 

[9] S.-J. Cheng, V. G. Kac Generalized Spencer cohomology and filtered 
deformations of Z-graded Lie superalgebras, Adv. Theor. Math. Phys. 2, 
1141-1182 (1998). Addendum, Adv. Theor. Math. Phys. 8, 697-709 (2004). 

[10] S.-J. Cheng, V. G. Kac Structure of some Z-graded Lie superalgebras of 
vector fields, Transf. Groups 4, 219-272 (1999). 

[11] D. FATTORI, V. G. KAC Classification of finite simple Lie conformal 
superalgebras, J. Algebra 258, 23-59 (2002). 

[12] D. Fattori, V. G. Kac, A. Retakh Structure theory of finite Lie con- 
formal superalgebras, In "Lie theory and its applications to physics" , eds 
H. -D. Dobner and V. V. Dobrev, World Sci., 27-63 (2004). 

[13] V. W. Guillemin A Jordan-Holder decomposition for a certain class of 
infinite- dimensional Lie algebras, J. Diff. Geom. 2, 313-345 (1968). 

[14] V. W. Guillemin Infinite- dimensional primitive Lie algebras, J. Diff. 
Geom. 4, 257-282 (1970). 

[15] V. G. Kac Lie Superalgebras, Adv. Math. 26, 8-96 (1977). 

[16] V. G. KAC Classification of simple Z-graded Lie superalgebras and simple 
Jordan superalgebras, Comm. Algebra 5, 1375-1400 (1977). 

[17] V. G. Kac Classification of infinite- dimensional simple linearly compact 
Lie superalgebras, Adv . Math. 139, 1-55 (1998). 

[18] V. G. Kac Classification of infinite- dimensional simple groups of super- 
symmetries and quantum field theory, GAFA, Geom. funct. anal. Special 
Volume GAFA2000, 162-183 (2000). 

[19] Yu. Kotchetkoff Deformation de superalgebras de Buttin et quantifica- 
tion, C. R. Acad. Sci. Paris 299 1(14), 643-645 (1984). 



98 



[20] A. N. RuDAKOV Groups of automorphisms of infinite- dimensional simple 
Lie algebras, Math. USSR-Izvestija Vol. 3(4), 707-722 (1969). 

[21] I. Shchepochkina The five exceptional simple Lie superalgebras of vector 
fields and their fourteen regradings, Rcpr. Theory 3, 373-415 (1999). 

[22] B. Y. Weisfeiler Infinite- dimensional filtered Lie algebras and their con- 
nections with graded Lie algebras, Funct. Anal. Appl. 2, 88-89 (1968). 



99 



